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Objective

Classify, under state space equivalence,

@ single-input inhomogeneous systems

@ two-input homogeneous systems.
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Outline

@ Invariant control systems

© Classification of systems

© Outlook
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Heisenberg group Hj

Matrix representation

1 x x1
Hs = 0 1 x3 |X1,X2,X3€R
0 0 1

H3 is a matrix Lie group:
e closed subgroup of GL(3,R) c R3*3
— is a submanifold of R3*3
— group multiplication is smooth

@ can be linearized
— vyields Lie algebra h3 = T1H3
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Heisenberg Lie algebra b3

Matrix representation

Standard basis

0 01 010 0 00
E;=1{0 0 0], E;=1{0 0 0], Es= 10 0 1
0 00 0 00 0 00

Commutator relations

[E1,E2] =0, [Ei,E3]=0, [E, E3]=E;:.
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The automorphism group of b3

Lie algebra automorphism

Map ¢ : g — g such that

@ 1 is a linear isomorphism
@ 1) preserves the Lie bracket: ¢¥[X, Y] = [vX,¢Y].

| A

Proposition
The automorphism group of h3 is given by
hk —ji | m
Aut(hz) = 0 h i||hij kIl meR, hk—ji#0
0 Jj k
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@ Matrix representation

411 412 ai3
Y= |axn ax ax
a31 432 ass

@ Preserves the center (span of E)

YE = NE;
aix arp aiz| (1 an
= |ax ax» ax3| |0 = [an| =A
a1 a3x asz| [0 as1
— ap1,a31 = 0.

o o=
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Proof (cont.)

@ Preserves the Lie bracket

Y[E2, B3] = [y Ea, ¥ E3]

= YE = [V, YE;]
ail [—azasy + axass
— 0| = 0
0 i 0
— a11 = —a23a32 + 422333
[—azasx + axass
i 0

@ Invertible

—ap3azp + axpaszz # 0.

ai2
azo
as2

ais
a3
ass
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Control systems

Left-invariant control affine system

g=g=Z(L,u)=g(A+wuBi+ ---+wB), g€G, ueR

A, Bi,...,By€g.

o admissible controls: u(-) : [0, T] — R¢
@ trajectory: absolutely continuous curve
g():[0,T] =G
such that g(t) = g(t) = (1, u(t)) for almost every t € [0, T]
parametrization map: =(1,-): R¢ = g
trace: T=A+T%= A+ (By,...,By)

homogeneous system: A € I

inhomogeneous system: A ¢ I

v
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Necessary condition for controllability

Full-rank condition
> has full rank if its trace generates g.

Full-rank systems on Hj
@ Single-input inhomogeneous system ¥ : A+ uB

A, B and [A,B] are linearly independent.

@ Two-input homogeneous system ¥ : A+ 1By + ux B>

By, B, and [Bi,By] are linearly independent.

\
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State space equivalence

State space equivalence

Y = (G, =) and X' = (G, Z’) are state space equivalent if there exists a
diffeomorphism ¢ : G — G such that

Tep-=(g,u) =='(¢(g), ).

@ Equivalence up to coordinate changes in the state space.

@ One-to-one correspondence between the trajectories.
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State space equivalence

Proposition (G simply connected)

Y = (G,=) and X' = (G,Z’) are state space equivalent if and only if there
exists ¢ € Aut(g) such that

v-=(1,u) =Z'(1, ).

v

Proof sketch

@ Suppose ¥ and Y’ are equivalent.
e Then 3 a diffeomorphism ¢ : G — G such that

Tep - =(g,u) = ='(¢(g), u).

o Can assume ¢(1) = 1.
e Then

T16 - E(lv u) = E/((b(l)? u)
=='(1,u). )
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State space equivalence

Proof sketch (cont.)

e ¢ preserves left-invariant vector fields and hence is a homomorphism.
e Thus T1¢ : g — g is a Lie algebra automorphism.

@ Suppose
¥-=(1,u) =='(1, u).
e Then 3 ¢ : G — G such that T1¢ = .
e By left invariance
Tep-=(g,u) = Tgp- Tilg - =(1, u)

= Tily(g) - T1¢-=(1,0)
= T1L¢(g) ° El(l, u)
=Z'(¢(g), v)-

e Hence T and Y’ are state space equivalent.

v
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Single-input inhomogeneous systems

Any system ¥ : A+ uB is state space equivalent to

y (1) . E> + uEs.

Proof
0o A=32 aE, B=Y bE;.

o Matrix representation

air | b
a | b
as | b3

@ Full-rank; require the linear independence of

A, B, [A, B] = (32b3 — b223)E1 — 32b3 — b233 75 0.

v
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Proof (cont.)

@ Hence
—azb, + axbs 0 0
P = 0 by —by
0 —as an

is an automorphism such that

ap | by —ajazby + ajasbs | —asbiby + axb1 b3
Y- | ax | b | = —asby + axbs 0
az | b3 0 —azby + azb3
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Proof (cont.)

@ Likewise
1 —a; —b
(asby—ab3)? (aabzflazba)z (asby—ab3)?
Y2 = 0 —azby+azbs q
0 0 Py oy
asbytaxb3

is an automorphism such that

—ajazby + ajazbz | —agbiby + axb1 b3 0|0
Py - —azby + axbs 0 =(1]0
0 —azby + axbs 0|1
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Two-input homogeneous systems

Any system ¥ : A+ u1B1 + up By is state space equivalent to exactly one of

3 B + 9263 + uEz + 1Es, 1,72 €R.

Proof

3 3 3
e A=>" 1aEi, Bi=);bE, B=)>;,ckE.
o Matrix representation

ai | b a
a| b o
a| b

@ Full-rank; require the linear independence of:

Bi, B, [Bi,B2] =(—bsco+ bac3)Er = —bzco + bocs # 0. )
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Proof (cont.)

@ Hence
—bscy + bocs bz —byo
1/}1 = 0 —b3 by
0 —C3 ()

is an automorphism such that

ay| b1 a
PY1-| a2 | b @
as | bz c3
—asbxcy + axbsct — aibscy + aibacs | —bibzc + bibacs 0
= asby — axbs3 0 —b3c + boc3
asCy — azcCs b3Cz — sz3 0
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Proof (co

@ Likewise
1 0 by
(bsca—bac3)? (13362—1b2¢3)2
'¢2 = 0 (1) b3co—boc3
0 —bzcy+bocs

is an automorphism such that

—asbacr + axbsct — aibscy + aibacs | —bibzca + bibacs 0
s - asby — axbs 0 —bsc + b3
azCy; — a2C3 bsc; — bycs 0

[ —asbpcitagbscyitazbicp—aibscp—apbycztarbycs 0 0
(b3c—boc3)?

_ a36—apcs
- BEmp -
L —bzctbyc3
0|0 O
= Y1 1 0
¥ [0 1
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Proof (cont.)

@ Two systems:

0(0 O 0

00
SO |yl 0|, ZPO=| 1 o0
1210 1 710 1

@ Apply arbitrary automorphism to first system

hk —ji | m 0|0 O il +vm | m
0 h i |1 0| =|mh+yi h i
0 J k][]0 1 Ytk jok
@ Set equal to second system:
Yil+vv2m | m 0|0 O
mh+vi h i|=]|1 0
Y +vk J ok 70 1

= /=0,m=0,h=1i=0,=0 k=1and so vy =7;,7% = V5.
Catherine Bartlett (Rhodes) Invariant Control Systems on H3 PG Sem. Math. 2013 20 /21



Conclusion

@ Complete classification
— two-input inhomogeneous and three-input cases.

@ State space equivalence is very strong
— many equivalence classes.

@ Detached feedback equivalence
— transformations in controls are allowed.
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