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Outline

o Hamilton-Poisson formalism

© Three-dimensional Lie-Poisson spaces
© Classification of systems on se(1,1)*
@ Classification of systems on s0(3)*

e Rigid body dynamics
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Introduction

@ 3D Lie-Poisson spaces:
dual of Lie algebra with natural (linear) Poisson structure

@ quadratic Hamilton-Poisson systems:
Hamiltonian = (linear function) + (quadratic form)

@ classify under affine isomorphisms

@ investigate stability nature of equilibria

@ determine integral curves
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HP formalism

Hamilton-Poisson formalism

(Minus) Lie-Poisson space g* = (g%, {-,"})

{F,G}(p) = —p([dF(p),dG(p)]),  F,G e C=(g")
To every Hamiltonian H : g* — R we associate the vector field H = {-, H}

e Casimir functions: C = 0

Quadratic Hamilton-Poisson system (g* , Ha o)

Hao(p) = p(A)+Q(p), A€y

@ O is a positive semidefinite quadratic form

@ Hp g is homogeneous if A = 0; otherwise, inhomogeneous
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HP formalism

Stability

@ Equilibrium point pe: ﬁ(pe) =0
@ (Lyapunov) stable: for every neighbourhood N of pe there exists a
neighbourhood N’ C N of pe such that p:(N') C N

v

Standard results

@ Energy-Casimir method (Ortega, Planas-Bielsa & Ratiu 2005): if

d(MoH + A1C)(pe) = 0, d*(AoH + A1C)(Pe)| .y is PD

where W = kerdH(pe) N kerdC(pe), then pe is stable

o Spectral instability: if 9e()) > 0 for some eigenvalue A of DH(pe),
then p. is unstable

\
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HP formalism

Equivalence of systems

Affine equivalence (A-equivalence)

The systems (g* , Ha 0) and (b*, Hg ) are A-equivalent if there exists an
affine isomorphism % : g* — h* such that l/J*HA7Q = HB,R

(For homogeneous systems: affinely equiv. <= linearly equiv.)

Sufficient conditions

(97, Ha,0) is A-equivalent to the following systems on g* :
@ Hpg o1, where ¢ : g* — g* is a linear Poisson automorphism
@ Ha o+ C, where C is a Casimir function
@ Harg, where r >0
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3D Lie-Poisson spaces

Three-dimensional Lie-Poisson spaces

Restriction

@ Lie-Poisson spaces admitting global Casimir functions

Lie-Poisson space Casimir

R3 Abelian all

(h3)~ Heisenberg p1

(aff(R) & R)~ P3

se(1,1)" semi-Euclidean p? — p3
se(2)% Euclidean p? + p3
s50(2,1)% pseudo-orthogonal | p? + p3 — p?
s0(3)" orthogonal p3 + p3 + p3

v
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3D Lie-Poisson spaces

Classification of homogeneous systems (Biggs & Remsing 2013)

()" | @F® @R | se(1, 1) | se(2 | so2,1)7 | so(3)"
P3 (p1+ p3)° pi P>
pi (pr + p2)?
P
p3 pi
p3 + p3 P3 P pi
Pt + p5
p3 + (p1 + p3)?
(P2 + p3)?
p? + p} P2+ p3 P} + p3 p:+ 1p?
(p1+p2)* +pP3 P> + (p1+ p3)°
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3D Lie-Poisson spaces

Classification of homogeneous systems (Biggs & Remsing 2013)

()" | @F® @R | se(1, 1) | se(2 | so2,1)7 | so(3)"
P3 (p1 + p3)? pi P>
p (p1+ p2)?
P
p3 pi
p3 + p3 p3 p3 pi
p? + p3
P+ (pr+ p3)’
(p2 + p3)?
P+ p3 P2+ p3 P} + p3 p:+ 1p?
(P + p2)* + p3 P> + (p1 + p3)°
)
ruled planar nonplanar J
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3D Lie-Poisson spaces

Extending this classification

(Biggs & Remsing, to be published)
@ classification extended to all 3D Lie-Poisson spaces
@ complete stability analysis performed for each system

@ integral curves for all systems with global Casimirs obtained

v
Further extensions

@ relax condition: Q positive semidefinite

@ classify inhomogeneous systems
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se(1,1)*

The semi-Euclidean Lie-Poisson space

Lie algebra

00
se(l,1) =< xE; +yEr +0E3 = [x 0O :x,y,0 eR
y 6

o > O

Commutators

[E2, B3] = —E1 [Es, E1] = E> [E1,E2] =0

Dynamics of (se(1,1)*, H)

;?/()_< ai 87H_ 87H_ 8/—/)
P P2 8p3’p1 op3’ P1 9p2 P2 3p1
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Homogeneous systems

Representatives

(

Ho(p) P Ha(p) = 3(p1 + p2)?
Hs(p)

1
0 2
303 Ha(p)=3(p2 +p3)  Hs(p) = 3[(p1 + p2)* + p3]

| A

Proposition
If Ha o is an inhomogeneous system on se(1,1), then it is A-equivalent to
the system p — p(B) + H;(p), for some B € se(1,1) and exactly one
i€{0,...,5}.

A\

Six disjoint classes of inhomogeneous systems

D
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Inhomogeneous systems

HO(p) = pr HI(p) = p1 + 1p3
HO,(p) = aps HP (p) = p1+ p2 + 1p3
’ H(p) = 153
H(p) = p1 + 3pi ;
H(p) = p1 + po + 3t Hi'a(p) = ap1 + (b + P3)
HO,(p) = aps + 1p2 HY) (p) = a1p1 + azpz + (P} + P3)

H? (p) = p1 + L(p1 + p2)? HE)(p) = ap1 + (P + p2)* + p3]
H (p) = p1+ P2 + 3(p1 + p2)°

HP(p) = p1 — p2 + L[(p1 + p2)* + p3]
HP)(p) = 6ps + L(p1 + p2)? HP) (p) = alpr + p2) + L[(pr + p2)? + p3]

v

i
ruled planar nonplanar, type |

nonplanar, type Il
a>0 a1 > az >0 60#0 J
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The orthogonal Lie-Poisson space

Lie algebra

s50(3) = {A ERP3. AL AT = o}

0 —z vy
=<xEy+yEo+zE3=| 2z 0 —x|:x,y,z€eR
-y x 0

Commutators

[E2, B3] = E1 [E3, E1] = E2 [E1, B3] = E3

Dynamics of (s0(3)*, H)

H —P3o—P3s— —Pls—Plp— — P2p—

()_< OH OH OH OH  OH 8H>
Pr=\P2ops op2’ " Ops op3’ " Op2 op1
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HP formalism 3D Lie-Poi se(1,1) s0(3)* igid body dynamics

Classification of HP systems (Adams, et al. 2014)

Homogeneous systems

Ho(p) =0  Hi(p)=3pi  He(p) =pi+ 3P

Inhomogeneous systems

HE () = apr J HZ(p) = apy + pi + 3p2
HZ(p) = ap2 + pi + 3P3
HY(p) = p> + 1pt H? (p) = a1p1 + azpz + pi + 13
HE.(p) = p1 + apa + 3pE H{, (P) = capy + asps + pi + 353
HV(p) = 1pi HE) (p) = capr + aapa + aops + pi + 1p3
planar nonplanar, type | nonplanar, type Il )
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Rigid body dynamics

Rigid body dynamics

May be realised on s0(3)*, se(2)*, se(1,1)" and so(2,1)*

Dynamics of H(p) = 2 Equilibria (1 € R, v # 0)
f31 = p2p3 e’l’ = (V,0,0)
p2 = p1pP3 eg = (07M70)
p3 = —p1p2 e; = (0,0,v)

(a) C(p)=pi —pP5 >0 (b) C(p)=pi —pP5=0
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Rigid body dynamics

Stability

The states ¢/ = (v,0,0) and €5 = (0, ,0) are stable

Consider the states ef. Let Hy = AH + A1 C, where \g =1 and \; = —
Then dH)(e}) = 0 and d?Hy(e}) = diag(0,1,1). Since

1
2

W = kerdH(e7) NkerdC(e]) = span{E5, E5 }

we have d?Hy(e})| ., Positive definite. Hence the states e} are
(Lyapunov) stable.

(Similarly for the states €}.)

The states e = (0,0, v) are unstable

The eigenvalues of Dﬁ(eg) are {0,v,—v}. As v # 0, the states e} are
(spectrally) unstable.
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Rigid body dynamics

Jacobi elliptic functions

Let k € (0,1) be the modulus. The basic Jacobi elliptic functions sn(-, k),
cn(-, k) and dn(-, k) are the solutions to the initial value problem

x=yz sn(0, k) =x(0) =0
- en(0, k) = y(0) = 1
7= —k’xy dn(0, k) = z(0) = 1
sn(t, k) —sint cn(t, k) — cost dn(t, k) — 1
sn(t, k) — tanht cn(t, k) — secht dn(t, k) — secht
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Rigid body dynamics

Jacobi elliptic functions,

cn(t, k)
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Rigid body dynamics
Integration

Integral curves p(-) of H
Let H(p(0)) = hp > 0 and C(p(0)) = co > 0.
o If ¢g > 0, then there exist tp € R and o € {—1,1} such that
p(t) = p(t + to) for every t
o If ¢g =0, then there exist ty € R and 0,5 € {—1,1} such that

p(t) = g(t + to) for every t )
p1(t) = oQ2dn(Q2t, k) Gi(t) = 0Qsech(Qt)
p2(t) = —okQcen(Q2t, k) G2(t) = —osQ sech(Qt)
p3(t) = kQsn(Qt, k) gs(t) = ¢Qtanh(Qt)
Q:m k:\/l—Co/Q J
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Conclusion

Some related work

@ QHP systems on se(2)*
(J. Biggs & Holderbaum 2010; Adams, Biggs & Remsing 2013)
o free rigid body dynamics
(Tudoran 2013; see also Tudoran & Tudoran 2009)
@ stability and numerical integration of QHP systems
(Aron, Pop, Puta, et al. 2007-2010)
@ cost-extended control systems
(Biggs & Remsing 2012)

v

o reduced nonholonomic systems: (g,9, H), @ = (7] ker vk

o Euler-Poincaré-Suslov equations: p = adgy,) P+ 2721 A

v
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