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Einstein-Maxwell-Dilaton (EMD) gravity
» The action for the dilaton a-model is given by

S= / d*xv/—g [R —2(8¢)* — e—2a¢F2} ()

Garfinkle, Horowitz, Strominger (1991)
» The metric equations of motion are

R,uu - %Rg,uu =8 T;W ) (2)
with

1
Tuw = 2 {0u00,6 + € 2 F, oo — Lgu [2(00)° + 220 F2]}
(3)

» We also have the equations of motion for the matter fields
O = —Ze 2F2, Vi (2P ) =0 (4)
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3 4+ 1 decomposition

> Let n” be the timelike unit normal vector field to the spacelike
hypersurface . The spatial metric and extrinsic curvature are

Y = Buv + NuNy K = —%L’,ﬁw,. (5)
» One can write the Gauss, Codazzi, and Ricci equations as
R,uu)\ 4= _K/\,uKV o + K)\VKM @ + A 7711 pfyl/ URpUT IB75 ¢ )
(6)

Dy Kux — DuKor = =1 % "% " Roga 1y (7)

LnK,, = —a_lD#DVa — K. “Koa — 7" AR UAanang(. |
8

Baumgarte, Shapiro (2003)
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ADM formalism

» Using the Gauss, Codazzi, and Ricci equations together with
the field equations and

pi=n"n"Tu, j"=—=4"N"To, Swi= a’yyﬁTag.
(9)

one arrives at the constraint equations
H =R+ K>~ K;jK/ —16mp =0, (10)
M; :=DjK/ ; — D;K — 8mj; =0, (11)

and the evolution equation with t* .= an* 4 g*
atKU = —D;Dja + « <RU — 2K,'£Kjg + K,'J'K)
— 8o [Sj — 375 (S — p)] + B'DeKij + 2Ky DB . (12)

Arnowitt, Deser, Misner (2008)
Baumgarte, Shapiro (2003)

5/36



Initial value problem

» Consider time-symmetric initial data and a spatial metric with
line-element

ds? = o*ds?. (13)
» The Hamiltonian constraint gives us
6IR; = 267 (E;Dj + B:M; + 9,¢0;¢) , (14)
where D; = e 22%E; M; = e~ 22%B;, and
§IR; = -8 A0, (15)
> We also have the following for the electric and magnetic fields
599; (#°D;) =0, 679; (®°B;) =0.  (16)

UKBV, Ortin (2025)
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Vacuum case

» For the case of a vacuum, the Hamiltonian constraint gives us
A® =0, (17)

which has the solution

N
Q;j

» |t is clear that & — 1 as r — oo, which corresponds to an
assymptotically-flat region. One can define

J_1+§:’ = (19)

i 1
» We consider the limit as rj :== |[r — ¢;j| — 0, and write
A
o= G+”l>+omy (20)
fj Qj

Brill, Lindquist (1963)
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Vacuum case

» The line-element takes the form

@ AN\
ds? ~ (1 + r“) ds? . (21)
A

> If we perform the coordinate transformation rJ’

4
ds?® ~ (1 + ajAj) ds?. (22)

_ 2.
—aj/rj,then

/
r
J

Then, as r; — 0 (r/ — o0), ds? — ds?.

» The mass can be extracted via the fall-off:

d? = (1427 1) ds?. (23)
r b

8/36



Vacuum case

» We can extract the mass of each individual sheet
m; = 204,'/4,‘, (24)
for i € {1,..., N}, while in the (N + 1)th sheet:

N
my+1 = 2 Z Qg . (25)
n=1

» The interaction energy is the difference:

N
Mint 1= My41 — Z m; . (26)
i—1

Brill, Lindquist (1963)

» In the case of a single centre (N = 1), we have mj,y = 0 and
this corresponds to the time-symmetric slice of the
Schwarzschild solution.
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Electric field
» \We consider the following ansatz where Ay = Ay = 0:

ds? = x%¢?ds?. (27)

» In such a case, the Hamiltonian constraint gives the following

Ei = 9iIn(x/v) - (28)
> As was done for the Schwarzschild case, we perform the
expansion

Nooa

X=1+)Y |r_'c,|, (29)
n=1 !
N

v=143 (30)
n=1 !

» There is an asymptotically-flat region as r — co.
Brill, Lindquist (1963)
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Electric field
» We define

1+Z ai,Bi (31)

l¢j — «il

» In the limit as r; — 0,

0232 A2 B2
ds2~fr4ﬂ1<1+51> <1+'“> ds2.  (32)

f a; Bi

> One can perform the coordinate transformation: r{ := a;f;/r;,

giving
B.A\ B\’
ds? ~ ) (1+ ) ds2. (33)
di g

Brill, Lindquist (1963)
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Electric field
» The mass in the i € {1,..., N} sheet is
m; = BiAi + «;Bi, (34)
while in the (N + 1)th sheet we have

N

myi1 =Y (ai+B) - (35)

n=1
» For the electric charge in each sheet, we use ﬁ fdAE,-ni

N

qi = —(Biaj — AiBi) , an+1 = Z (i = Bi) ,  (306)

i=1

and we have . qi = —qn41-
Brill, Lindquist (1963)
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Electric field

» The interaction energy can be written as

N
@ifj + ;i
Mg == > ————, (37)
i=1 j£i u
where rjj :=|¢; — ¢j|. It is clear that mjy =0 when N = 1.

» For centres that have large separations:

Z mimj — qiq;
i<j Y

For N = 2, we can recognise an attractive gravitational
potential, and a repulsive (for like charges) Coulombian
potential.

Brill, Lindquist (1963)
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Electric and dilaton fields

» Consider the line-element:
5 2 4,
ds e (UV)1+a2 ‘/‘/14»32d5b R
for harmonic functions

N i B0
_ iyPiy0i
uv,w=1+ Eﬁ ﬁ

» The electric field is given by

2
_a¢oo 22
D,‘ = 76 UV == 8,‘ In g s
Vita2 \W2 v

while the dilaton field is given by

2

UV it
- ¢ — a ¢oo
e a9 = e a <VV2>

Cvetic, Gibbons, Pope (2015)

(39)

(40)

(41)

(42)
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Electric and dilaton fields
» The mass in the (N + 1)th sheet:
ZN: o + Bi + 2a%0;

4
14 a2 ’ (43)

my41 =
i=1

while in the ith sheet it is

(aiﬁial?a2>1+la2 ( & 2325i> | (44)

= 1+ a2 Bi agj

where
Qj, Pj, 0
PQr. =14 Y Ml (45)
i#] Y
» The electric charge is
e_a¢w

9= e (PiBi — Qicvi) - (46)
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Electric and dilaton fields

» We extract the scalar charge via the fall-off:

Y
and obtain

5 N
TN+l = g P Z (20; —a; = Bi) , (48)

i=1

1
o) s b ey,
I 1+ 32 o A 61

UKBYV, Ortin (2025)
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Electric and dilaton fields

» Consider the case of a single (N = 1) black-hole

o1+ P+ 23%0;

1+ a2 ’
_1_
<a1510%a2> 1422 1 )
my = 1+ 22 (Oél—’_ﬁl—’_
a
Tr = T2 (201 — a1 - f1) ,

1+ a2

<01

2

_ d 91
¢1—¢oo+ 1+82 n<a161

2a2
o1 )’

_1_
a(a1ﬂ10%32)1+a2 5 1 i
X1 =

(50)

(51)

(52)

(53)

(54)
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Electric and dilaton fields

» We notice that the dilaton field takes on the same value in the
two assymptotic regions when o% = a1f1. In addition,

mq = mo, and thus m;,; = 0. Furthermore, X1 = Y.

» Such initial data correspond to well-known static EMD
black-hole solutions (see Cvetic, Gibbons, Pope (2015)); another
example of vanishing self-interaction energy corresponding to
stationay solutions.

» Given the constraint on the integration parameters, there are
now only two integration parameters; corresponding to two
independent physical constants and there is no primary scalar
hair.
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Electric, magnetic, and dilaton fields

» We consider the following line-element containing four
harmonic functions

ds? = CDSTds?, (55)
N Tis Pis i Ti
C,D,S,T:HZW (56)
i=1 !

» For the electric and magnetic fields, we have

D;:ae\;; \/?Sa |n(§), (57)

Bi = /Bf OI <l7)_>, (58)

where 0> = 3% =1 and ¢ = éf)oo—* (Di)
UKBV, Ortin (2025)
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Electric, magnetic, and dilaton fields

> We use
~ M c T gj, '7))"77—'
C;,D,',S;,T,'::].Jrzij pjr”J L (59)
J#i v

» For the electric and magnetic charges, we find

et N, .
% =07 2 (Ci)\; - SiUi) ; (60)
pi = ﬁe\j; (Dm - fiPi) ; (61)

which satisfy Y. qi = —qn+1 and >, pi = —pn+1.
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Electric, magnetic, and dilaton fields

» For the mass and scalar charge, we find

N
Myt =35 (oi+pi+Ai+7),
n=1
me — é p/)\m 1/2 Q O-I)\ITI 1/2
2 o 2 Di
+ 5 PiOTj 1/2 + i P/)\:U/ 1/2
2 i 2 Ti ’

(62)

(63)

(64)

(65)
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Eletric, magnetic, and dilaton fields

» Let us now consider the N = 1 case, we have
_ o1\
$1 = oo — In(5:2}) and

(o1 +p1+M+11),
[(Plhﬁ) n <01)\171>1/2
P1
p1 0’171) 1/2 <P1)\101>1/2]
+ )
A1 T1

(p1+ 11 —01— M),
.o 1l (phn 1/2_ o1\
T2 o1 p1
(910'171)1/2 (pl>\101>1/2]
(AR (B2,
A1 T1

M

N

Il +

NIk I\JM—\ r\)\l—l

(66)

(67)

(68)
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Electric, magnetic, and dilaton fields

P In the case where o1 A\1 = p171, we have ¢ = ¢g, X1 = Lo,
and m;,; = 0.

P> These give us constant time slices of the static black-hole
solutions constructed in Gibbons (1982) and Gibbons, Maeda (1988).

» This is another example of vanishing self-interaction energy
corresponding to the absence of primary scalar hair, and
coinciding with stationary black-hole solutions.
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GBSSN formalism

» The Baumgarte-Shapiro-Shibata-Nakamura (BSSN) formalism
is a strongly-hyperbolic modification of the ADM formalism,
involving a conformal rescaling of the spatial metric, a
decomposition of the extrinsic curvature into its trace and
trace-free parts, and the use of additional auxiliary variables.
Nakamura, Oohara, Kojima (1987)

Shibata, Nakamura (1995)
Baumgarte, Shapiro (1998)

» The standard BSSN formalism involves a conformal spatial
metric with a determinant of unity, which is not immediately
suitable for spherical polar coordinates.

» The generalised-BSSN (GBSSN) formalism removes this
assumption — generalising to arbitrary coordinates.

Brown (2005)
Brown (2008)
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GBSSN formalism

» We perform a rescaling of the spatial metric

i = ey, (70)
where ¢ is the conformal factor and is given by
¢=15In(v/7) (71)
» The determinant of the conformal factor evolves as:
(0 — Lp)7 = —27D;f3". (72)

while the conformal factor has the evolution equation
Orp=—SK+ 20,8+ L0 InvF+ B9ip.  (73)
» The evolution of the conformal spatial metric is given by

07 = —20A; — 57 Ok — 57 iB0k In V7 + 850k
+ 5 k0 B% + 7 jx0iB" . (74)
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GBSSN formalism

» The extrinsic curvature is decomposed into a trace and
trace-free part, and the latter rescaled

A,‘j = K,'j — %K’y;j, A'J = e_4¢A,'j. (75)

P> The trace and trace-free parts have evolution equations

0:K = —~D'Djar + B0;K + 4w (p + S) + a (AAY + 1K?) .

(76)
O:Aij = aKAj — 2A;018% — 24850k In /7
—e % (D;Dja)TF —20A; k/_\jk + ae_4¢R;F
+ BXOKA; + 2A0;) % — 8rae ST, (77)
» One also defines
M =74 (78)
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GBSSN formalism

» The evolution equation for the conformal connection function
is
0T = 3% (0k0; 8 + 0¥ 0; In /A + B 0k0j In v/7)
+ 12aA 19, + 20l A — 2a790;K — 2A10;a
+ 5j3jri + ’_}/jkajﬁkﬁi + % Fiajﬂj + % Fiﬁjﬁj In %
~ 9,8 — 16may’j; . (79)

» In the case where ¥ = 1, the GBSSN formalism reduces to the
standard BSSN formalism.

» One issue is that [’ are not components of a true vector. In
fact, for a flat conformal spatial metric in spherical polar
coordinates, we have I'" = —2/r, which is singular.
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GBSSN formalism

» We can define the following which are components of a true

vector

Al =T/ — 5k Bi

Brown (2009)
Alcubierre, Mendez (2011)

> We now assume spherical symmetry and introduce the
evolution variables a, b, and A, as follows:

7ij = diag (a br?, br? sin? 0)

A" = diag (As, —Aa/2,-A,/2) ,
as well as
_ _ 2 @a 2 2
AN =T"+—=— .
+ rb a 232 rb ra

Alcubierre, Mendez (2011)

(80)

(81)
(82)

(83)
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Numerical evolution

» For the evolution, we use non-advective 1 + log slicing
together with the Gamma-driver condition:

8tﬂr == Br, BtB' == %(%Ar . (84)

Alcubierre, Mendez (2011)

» For our initial data, we take a=b =1, and

A=K =A,= "= B"=0. We also use the evolution
variable x := e72? and the initial data

a:X:<1+2Mr>2, (85)

and we set M = 1.

» We use RK4 for evolution, and second-order finite differencing
for spatial derivatives.
UKBV, Pollney, Dombriz (2023) (see for 0;A", 0:A,, H, etc.)
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Numerical results

» Below we plot the Hamiltonian constraint at t = 10 with
spatial resolutions of Ar = 0.0125, Ar = 0.025, and
Ar = 0.05, rescaled according to second—order convergence.
We have kept At = Ar/2.

——— Ar = 0.0125 (times 16)
——— Ar=0.025 (times 4)
e Ar = 0.05
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Numerical results

» We can compute the maximum value of the shift, 5" (using
Ar =0.01).

0.15

0.10 -

maz(8")

0.05

0.00 [

L L L L L
0 100 200 300 400
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Numerical results

> We can also compute the horizon position:

0.8

T Al

0.6

05

! ! ! ! !
0 100 200 300 400
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Numerical results
» Across the evolution, we can compute the mass using

[ Aat .
Man =/ 16+

1.0003

1.0002

M,y

1.0001 -

1.0000

0 100 200 300 400

33/36



Discussion and future work

| 2

>

In the vacuum and electric field cases, the self-interaction
energy is zero.

In the electric and dyonic EMD cases, the self-interaction
energy can be non-zero and there is primary scalar hair.

When setting the self-interaction energy to be zero, there is
an absence of primary scalar hair.

It is well-known that the GBSSN formalism can be used to
evolve Schwarzschild initial data; the same formalism may be
suitable to evolve the EMD initial data discussed here.

Given some EMD initial data with non-vanishing
self-interaction energy, would its evolution reach a stable
configuration?

If a stable state is reached, how would we verify the absence
of primary scalar hair? One possibility could be to vary the
scalar charge in the initial data and compute the scalar charge
at the end.
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