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Introduction



Introdution | Formalism

Spatial-temporal Decomposition

Spatial-temporal (1 + 3) covariant formalism:

gµν = hµν − uµuν (1.1)

This decomposition enables projection of any tensor into

parts parallel and orthogonal to a velocity uµ.

1 | 13



Introdution | Formalism

Spatial-temporal Decomposition

Spatial-temporal (1 + 3) covariant formalism:

gµν = hµν − uµuν (1.1)

This decomposition enables projection of any tensor into

parts parallel and orthogonal to a velocity uµ.

1 | 13



Introdution | Formalism

Spatial-temporal Decomposition

Spatial-temporal (1 + 3) covariant formalism:

gµν = hµν − uµuν (1.1)

This decomposition enables projection of any tensor into

parts parallel and orthogonal to a velocity uµ.

1 | 13



Introdution | Formalism

Spatial-temporal Decomposition

Spatial-temporal (1 + 3) covariant formalism:

gµν = hµν − uµuν (1.1)

This decomposition enables projection of any tensor into

parts parallel and orthogonal to a velocity uµ.

1 | 13



Introdution |Notation

Projected quantities require projected operators to act as

three-dimensional operators:

∇αSµν = hα
σhµ

τhν
λ∇σ S

τ
λ (1.2)

curlVµ = ϵµνσ∇νVσ curl Sµν = ϵασ(µ∇
αSν)

σ (1.3)

divV = ∇µVµ (div S)µ = ∇νSµν (1.4)

Projected, symmetric, trace free (PSTF) tensors are noted

V⟨µ⟩ = hµ
νVν (1.5)

S⟨µν⟩ =
(
h(µ

αhν)
σ − 1

3hµνh
ασ

)
Sασ (1.6)
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Photon Wave Equation



Photon Wave Equation |Maxwell’s Equations

Maxwell’s Equations

In curved spacetime, Maxwell’s equations are

∇µE
µ = ρ− 2ωµB

µ (2.1)

∇µB
µ = 2ωµE

µ (2.2)

Ė⟨µ⟩ = ΞµνE
ν + ϵµνσu̇

νBσ + curlBµ − jµ (2.3)

Ḃ⟨µ⟩ = ΞµνB
ν − ϵµνσu̇

νEσ − curlBµ. (2.4)

Kinematic quantities: Ξµν = σµν + ϵµνσω
σ − 2

3Θhµν .

∇ · E = ρ

∇ · B = 0

∂tB = ∇× E

∂tE = −∇× B− µ0J
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Photon Wave Equation | Riemann-Silberstein Tensor

Relativistic Photon Wave Equation

Introducing the rank-1 Riemann-Silberstein (RS) tensor,

Fµ = Eµ + iBµ (2.5)

The source-free Maxwell’s equations may be rewritten

i.t.o. the RS-tensor,

∇µF
µ = 2iωµF

µ (2.6)

Ḟµ = −iϵµνσ(iF
νωσ + Fσu̇ν +∇νFσ) (2.7)

iḞµ = iζν(−iων +u̇ν +∇ν)Fµ (2.8)

F2 = E2 − B2
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Photon Wave Equation | Resultant Relativistic Wave Equation

About the Wave Equation

iḞµ = iζν(−iων +u̇ν +∇ν)Fµ

Schrödinger equation: i∂tψ = Hψ.

The right-hand side is the Hamiltonian.

Constraint: terms contained within the Hamiltonian must

be purely anti-symmetric.

In Minkowski spacetime,

iζνD
νFµ −→ iζν∂

νFµ = 0 (2.9)

(iγµ∂µ − m)Ψ = 0
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Photon Wave Equation | Anti-symmetry Constraint

Anti-symmetry Constraint

The Levi-Civita form may be expressed as a set of matrices

— constructed from the Lorentz group: Mi = Li + Ki

ϵµνσ ≡ ηijζ
j (2.10)

where the ζ-matrices encode spin-1,

ζ0 = I4, ζ1 = γ0γ1γ3, ζ2 = γ0γ5, ζ3 = γ3γ5γ1
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Photon Wave Equation | Properties

Properties

Fulfils spinor formalism: 8× 8 matrices encodes 4× 4

block matrices (which are the ζ matrices).

Fermionic correspondence: the photon only has two

helicity states (h = ±1), since there is no rest state.

Anti-symmetry: shear and expansion have no influence,

i.e. σµν = Θ = 0.
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Geometric Phase



Photon Wave Equation |Geometric Phase

Dirac equation analogue: minimal coupling,

∂µ −→ ∂µ + Aµ (2.11)

This coupling produces a phase,

ϕ =

∮
dλA(λ) (2.12)

Choice of connection −→ geometric phase.

1. Optical
spin-Hall
effect

2. Optical
Magnus
effect

3. Polarisation
effects
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Graviton Wave Equation



Graviton Wave Equation |Weyl Tensor & The Bianchi Identities

Weyl Tensor & The Bianchi Identities

From the Bianchi identities, two rank-2 fields from the

Weyl tensor are respectively defined as,

Eµν = Cµνατu
αuτ (3.1)

Hµν = 1
2ϵµατC

ατ
νσu

σ. (3.2)

These define electric- and magnetic-analogue fields,

Eµ = Fµνu
ν

Bµ = 1
2ϵµναF

να
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Graviton Wave Equation |Weyl Tensor & The Bianchi Identities

Maxwell-analogue GW Equations

We consider the source-free equations,

∇νEνµ = ϵµνασ
ν
σH

σα − 3Hµνω
ν (3.3)

∇bHνµ = ϵµνασ
ν
σE

ασ + 3Eµνω
ν (3.4)

Ėµν = curlHµν + 2u̇αϵασµHν
σ +ΘEµν + 3σα⟨µE

α
ν⟩ − ωα⟨µE

α
ν⟩ (3.5)

Ḣµν = curl Eµν − 2u̇αϵασµHν
σ −ΘHµν + 3σα⟨µE

α
ν⟩ − ωα⟨µE

α
ν⟩ (3.6)

We define the rank-2 Riemann-Silberstein tensor as,

Cµν = Eµν + iHµν . (3.7)
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Graviton Wave Equation | The Path Forward

The Path Forward: Graviton Wave Equation

curl Sµν = ϵασ(µ
∇αS

ν)
σ

The GW Maxwell-analogue equations i.t.o. the RS-tensor,

∇νCµν = −iϵµνσσ
ν
αC

ασ + 3iCµνω
ν (3.8)

Ċ⟨µν⟩ = −i curlCµν − 2iu̇σϵσα(µCν)
α −ΘCµν

+ 3σσ⟨µC
σ
ν⟩ + ωσ⟨µC

σ
ν⟩

(3.9)

Anti-symmetric constraint simplifies this,

∇νCµν = 3iCµνω
ν (3.10)

Ċ⟨µν⟩ = −i curlCµν − 2iu̇σϵσα(µCν)
α + ωσ⟨µC

σ
ν⟩
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Conclusion

Electrodynamics

Maxwell’s equations (rank-1 RS)

Lorentz group (4× 4)

Fermionic correspondence: h = ±1

Spin-1 relativistic wave equation

Geometric phase (minimal

coupling: Aµ)

GW-dynamics

GW analogue equations (rank-2 RS)

Poincaré group (5× 5)

Likewise, h+ & h×

Spin-2 relativistic wave equation (?)

Geometric phase (?)
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