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Electromagnetic fields and forces

The electric and magnetic forces were unified by Maxwell (1873)

Electromagnetic fields in vacuum obey

∇ · E =
ρ

ϵ0
∇ · B = 0

∇× E = −∂B

∂t

∇× B = µ0J+ µ0ϵ0
∂E

∂t

The Lorentz force law is

F = q(E+ v × B)
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EM fields in a medium

In the presence of a dielectric, Maxwell’s laws are modified

∇ ·D = ρf

∇ · B = 0

∇× E = −∂B

∂t

∇×H = Jf +
∂D

∂t

The free charge and current densities: ρf and Jf

For linear media the constitutive relations are:

D = ϵE

H =
1

µ
B
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EM in Special Relativity

Electromagnetism is a Lorentz-invariant theory

This is made explicit by means of the field-strength (Faraday) tensor,
Fµν

In terms of the 4-potential: Fµν = ∂µAν − ∂νAµ

The electric and magnetic field components can be read off

Fµν =


0 Ex Ey Ez

−Ex 0 Bz −By

−Ey −Bz 0 Bx

−Ez By −Bx 0


Maxwell’s equations now read:

∂µF
µν =

1

c
Jν

∂µ[F̃
µν ] = ∂µ

[
1

2
ϵµναβFαβ

]
= 0
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The electromagnetic field components above are valid in the
laboratory frame where uµ = (1, 0, 0, 0)

We can define them in ANY inertial reference frame with relative
velocity, uµ

Project tensors along and orthogonal to an observer via
hµν = ηµν + uµuν

The electric and magnetic fields are thus:

Eµ = Fµνuν

Bµ =
1

2
ϵµναβuνFαβ
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The Faraday tensor can be written as

Fµν = E νuµ − Eµuν + ϵµναβBαuβ

We now have the 4 Maxwell equations:

∂µE
µ =

1

c
Jαuα

∂µB
µ = 0

uα∂αB
µ − ϵµναβuν∂αEβ = 0

uα∂αE
µ + ϵµναβuν∂αBβ = −1

c
(Jµ − uµuνJ

ν)

These hold in any coordinate system and in any frame.
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EM in General Relativity

We can easily set up EM in a curved, vacuum spacetime.

Maxwell’s equations in terms of the Faraday tensor:

∇µF
µν =

1

c
Jν

∇µ[F̃
µν ] = ∇µ

[
1

2
ϵµναβFαβ

]
= 0

We can perform a similar decomposition as before:

Eµ = Fµνuν

Bµ =
1

2
ϵµναβuνFαβ

Fµν = E νuµ − Eµuν + ϵµναβBαuβ
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The final system is below:

D̄µE
µ = σ − 2ωµB

µ

D̄µB
µ = 2ωµE

µ

Ė<µ> =

(
σµν + ϵµνγω

γ − 2

3
Θhµν

)
E ν

+ ϵµνγ u̇
νBγ + curlBµ − jµ

Ḃ<µ> =

(
σµν + ϵµνγω

γ − 2

3
Θhµν

)
Bν

− ϵµνγ u̇
νEγ − curlBµ

Here we have defined:

D̄µX
ν ≡ hαµh

ν
β∇αX

β

curlXµ = ϵµαβD̄
αX β

Ẋ<µ> = hνµẊν

Ẋµ = uα∇αX
µ
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The fluid kinematic properties arise from the irreducible tensor
decomposition of the 4-velocity’s covariant derivative:

Θ = D̄µu
µ

σµν = D̄<µuν>

ωµν = D̄[µuν]

ωµ = −1

2
curluµ

Physically these represent the
1 expansion, Θ
2 shear tensor, σµν

3 vorticity tensor, ωµν

4 vorticity vector, ωµ
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Transformation Optics

Tailor-made meta-materials with unusual optical properties are
possible

Materials with negative refractive indices; cloaking devices

Study initiated by Pendry and Leonhardt independently in 2006.

Exploits older results by Tamm (1924) and Plebanski (1960)
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Cloaking devices
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Key insights follow from these identities:

∇αX
α ≡ 1√

−g
∂α

(√
−gXα

)
Mαβ = −Mβα

⇒ ∇αM
µα ≡ 1√

−g
∂α

(√
−gMµα

)
EM in curved, vacuum spacetimes is equivalent to EM in flat,
dielectric spacetimes!

Curvature manifests as an effective permittivity and permeability.
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Decompose the covariant Maxwell equations.

∇µF
µν =

1

c
Jν

⇒ 1√
−g

∂µ
(√

−gFµν
)
=

1

c
Jν

⇒ ∂µ
(√

−gFµν
)
=

1

c

(√
−gJν

)
We now re-scale the field strength tensor and 4-current density:

Mµν ≡
√
−gFµν

jν ≡
√
−gJν

to obtain

∂µM
µν =

1

c
jν

which resembles the special relativity form.
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The curved spacetime, vacuum Maxwell equations is equivalent to the
flat spacetime, dielectric system:

∂µD
µ = ρ

∂µB
µ = 0

uα∂αB
µ = −ϵµαβ∂αEβ

uα∂αD
µ = ϵµαβ∂αEβ − jµ

We impose the constitutive relations:

Dβ = ϵ0ϵ
βαEα +

1

c
ϵβγλwγHλ

Bβ = µ0µ
βαHα − 1

c
ϵβγλwγEλ

with wi = g0i/g00.

The effective spacetime permittivity and permeability are

ϵαβ = µαβ = −
√
−g

g00
gαβ
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The constitutive relations can be written in index-free notation:

D = ϵ0ϵE+
w

c
×H

B = µ0µH− w

c
× E

Note that here ϵ and µ are tensors defined via

ϵij = µij =

√
−g

g00
g ij

wi =
g0i
g00
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Comments

The electric permittivity and magnetic permeability are identical;
curved spacetime behaves as an impedance-matched medium.

The permittivity and permeability are matrices; curved spacetime
behaves as an anisotropic medium.

We should be able to obtain an equivalent formulation for geometric
and physical optics in curved spacetimes.

Revisit electromagnetic phenomena in astrophysics eg. the
Blandford-Znajek mechanism, superradiance.

The formalism is geometric and applicable for any given metric.

Electromagnetic waves carry imprints of gravitational wave
backgrounds.

Gertshenstein effect: EM-GW mixing in the presence of a magnetic
field in curved spacetime
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