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Motivations

After 2016, there has been a great deal of interest in modified gravity

The interest has not had much tangible impact

Lack of realiable exact, linearized results to help test new codes
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Metric f(R)

Action:

S =
1

2κ2

∫
dx4

[√
−gf(R) + 2κ2Lm

]
Field Equations

Σab = κ2Tab

Σab = f ′Rab − 1
2fgab −∇a∇bf

′ + gab□f
′

= f ′Rab − 1
2fgab − f

′′∇a∇bR− f ′′′∇bR∇aR+ gab(f
′′′∇cR∇cR+ f ′′□R)

3□f ′ − 2f + f ′R = κ2T

Bianchi Identities

∇aΣab = 0 = ∇aTab
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The QNM problem

Given some eignevalue problem described by a master equation, we have

Quasi-normal modes

The algebraically special mode (tensors only)

Quasi-bound modes (scalars only)

In the limit ℑω → 0−, we talk of Quasi-resonant
modes
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Boundary conditions
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Initial value problem

System 1

utt = c2uxx

System 2

∂tu = v

∂tv = ∂xxu

System 3

(∂t + c∂x)(∂t − c∂x)u = 0

System 4

uξη = 0

ξ = x+ ct, η = x− ct

System 5

ut = s

st = cwx

wt = csx
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Initial value problem

3+1 Cauchy
ds2 = −(α2 − βiβi)dt2 + 2βidtdx

i + γijdx
idxj ,

Characteristic

ds2 =−
(
e2β

(
1 +

W

r

)
− r2hABU

AUB

)
du2 − 2e2βdudr − 2r2hABU

BdudxA + r2hABdx
AdxB .
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Bondi-Sachs system

The field equations result in a hierarchy of equations

Hypersurface equations (4 equations)

Evolution equations (2 equations)

Trivial equation (1 equation)

Supplementary equations (3 equations)

Introduce a complex dyad qA, with qAqA = 0, qAq̄A = 2, then define

J = 1
2q

AqBhAB and U = UAqA etc
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Linearized perturbations

ds2 = −
(
1− 2M

r

)
du2 − 2dudr + r2qABdx

AdxB ,

R, J, J̄ , U, Ū , w, β = O(ϵ) ,

f(R) = f ′(0)R ,

16 / 36



Harmonic decomposition

In general

f(u, r,Ω) =
∑
ℓm

fℓm(u, r)sZℓm .

For a spherically symmetric background, the (ℓ,m) modes decouple

f(u, r,Ω) = f(u, r)sZℓm

time domain

One can further decompose f(u, r)

f(u, r,Ω) = f̂(r)ℜ(eρu)sZℓm

frequency domain

∂uf ←→ ρ f̂(r)
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Master equations

Tensor sector, define J = r3(rJ(r)),rr
Frequency domain

r2 (r − 2M)J,rr − 2r
(
ρr2 + r − 5M

)
J,r −

[
2ρr2 + (ℓ2 + ℓ− 2)r + 16M

]
J = 0 .

Time domain

r2 (r − 2M)J,rr − 2r3Jur − 2r (r − 5M)J,r − 2r2Ju −
[
(ℓ2 + ℓ− 2)r + 16M

]
J = 0 .

Scalar sector
Frequency domain

r (r − 2M)Rrr − 2
(
ρr2 − r +M

)
Rr −

[
2ρr + ℓ(ℓ+ 1) +m2r2

]
R = 0 .

Time domain

r (r − 2M)Rrr − 2r2R,ur − 2 (−r +M)Rr − 2rRu −
[
ℓ(ℓ+ 1) +m2r2

]
R = 0 .
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Continued fraction method: Tensor modes

Near the horizon r = 2M . The two independent local behaviours are

J ∼ (r − 2M)0, and J ∼ (r − 2M) 4ρM−2. (1)

Asymptotically as r →∞. The two independent behaviours are

J ∼ 1

r
, and J ∼ r 3+4ρM e2ρr. (2)

The QNM ansatz

J = r4ρM+3 e2ρ(r−2M)
∞∑

n=0

an

(
r − 2M

r

)n

. (3)
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Continued fraction method: Tensor modes

α0a1 + β0a0 = 0 ,

αnan+1 + βnan + γnan−1 = 0 n = 1, 2, · · ·
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Continued fraction method: Tensor modes

α0a1 + β0a0 = 0 ,

αnan+1 + βnan + γnan−1 = 0 n = 1, 2, · · ·

with

αn = −n2 + (4Mρ− 4)n+ 4Mρ− 3 ,

βn = 2n2 − (16Mρ− 2)n+ 32M2ρ2 − 8Mρ− 3 + ℓ(ℓ+ 1) ,

γn = −n2 + (8Mρ+ 2)n− 16M2ρ2 − 8Mρ ,
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Continued fraction method: Tensor modes

α0a1 + β0a0 = 0 ,

αnan+1 + βnan + γnan−1 = 0 n = 1, 2, · · ·

This is equivalent to

0 = β0 −
α0γ1
β1−

α1γ2
β2−

α2γ3
β3−

· · ·
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Remainder term

RN ∼ C0 +
C1√
N

+
C2

N
+O

(
N−3/2

)
,
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Continued fraction method: Scalar modes

Near the horizon r = 2M . The two independent local behaviours are

R ∼ (r − 2M)0, and R ∼ (r − 2M) 4ρM . (4)

Asymptotically as r →∞. The two independent behaviours are

R(±)
∞ (r) ∼ exp

[
(ρ± κ) r

]
r σ± (5)

where

κ =
√
ρ2 +m2 and λ± = ρ± κ and σ± = −1 ± M

κ
λ2± (6)

The QNM ansatz

R = e (ρ+κ)r r σ+

∞∑
n=0

an

(
1− 2M

r

)n

, (7)
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Continued fraction method: Scalar modes

α0a1 + β0a0 = 0 ,

αnan+1 + βnan + γnan−1 = 0 n = 1, 2, · · ·
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Continued fraction method: Scalar modes

α0a1 + β0a0 = 0 ,

αnan+1 + βnan + γnan−1 = 0 n = 1, 2, · · ·

with

αn = (n+ 1)
(
n+ 1− 4Mρ

)
,

βn = −2n2 +
(
4Mλ+ + 2σ+

)
n+

(
σ+ − 4Mσ+λ+ − 2Mλ+ − ℓ(ℓ+ 1)

)
,

γn =
(
n− 1− σ+

)2
.
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Continued fraction method: Scalar modes
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Results: Tensor modes
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Time domain: Tensor and Scalar modes

r2 (r − 2M)J,rr − 2r3Jur − 2r (r − 5M)J,r − 2r2Ju −
[
(ℓ2 + ℓ− 2)r + 16M

]
J = 0 . (8)

Introduce ϕ = Ju,

Ju = ϕ (9)

ϕr +
1

r
ϕ =

r − 2M

2r
J,rr −

r − 5M

r2
J,r −

(ℓ2 + ℓ− 2) r + 16M

2r3
J . (10)
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Time domain: Tensor and Scalar modes

r (r − 2M)Rrr − 2r2R,ur − 2 (−r +M)Rr − 2rRu −
[
ℓ(ℓ+ 1) +m2r2

]
R = 0 . (8)

Define ψ = Ru

Ru = ψ (9)

ψr +
1

r
ψ =

r − 2M

2r
R,rr +

r −M
r2

R,r −
ℓ(ℓ+ 1) +m2r2

2r2
R. (10)
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Time domain: Tensor and Scalar modes

r (r − 2M)Rrr − 2r2R,ur − 2 (−r +M)Rr − 2rRu −
[
ℓ(ℓ+ 1) +m2r2

]
R = 0 . (8)

Define ψ = Ru

Ru = ψ (9)

ψr +
1

r
ψ =

r − 2M

2r
R,rr +

r −M
r2

R,r −
ℓ(ℓ+ 1) +m2r2

2r2
R. (10)

Both equations take the form

Pu = Q (11)

Qr = −1

r
Q+ S(r, P, Pr, Prr) (12)
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Ongoing

Are there other ways of deriving the algebraically special mode? (e.g. can one find explicit
conditions under which the operator on J is self-adjoint?)

Long term evolutions of the scalar equations.
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