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General Relativity and Quantum Cosmology
[Submitted on 2 Aug 2020 (v1), last revised 29 Nov 2020 (this version, v2)]

Strongest constraint in f(R) = R + aR? gravity: stellar stability
Juan M. Z. Pretel, Sergio E. Joras, Ribamar R. R. Reis

In the metric approach of f(R) theories of gravity, the fourth-order field equations are often recast as effective Einstein equations in the presence of standard matter and a
curvature fluid (which gathers all the extra terms), always in the Jordan frame. In this picture, we investigate the strong gravity regime of the f(R) = R + aR? model. In
particular, we focus on the stability of a compact star composed by a mixture of ordinary matter -- described by a polytropic equation of state -- and an effective curvature
fluid in an otherwise standard Einstein gravity, so that we are able to apply the usual equations that govern the radial adiabatic oscillations of relativistic stars. Our new
restriction on the free parameteris a < 2.4 X 10% cm? in order to guarantee stellar stability, about 100 times more restrictive than previous results (based on mass-radius
relations alone) in the literature.
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Motivations

m After 2016, there has been a great deal of interest in modified gravity
m The interest has not had much tangible impact

m Lack of realiable exact, linearized results to help test new codes

General Relativity and Quantum Cosmology

[Submitted on 6 Aug 2009]

Probing the f(R) formalism through gravitational wave polarizations
Marcio E.S. Alves, Oswaldo D. Miranda, Jose C.N. de Araujo

The direct observation of gravitational waves (GWs) in the near future, and the corresponding determination of the number of independent polarizations, is a powerful tool to
test general relativity and alternative theories of gravity. In the present work we use the Newman-Penrose formalism to characterize GWs in quadratic gravity and in a
particular class of f(R) Lagrangians. We find that both quadratic gravity and the f(R) theory belong to the most general invariant class of GWs, i.e., they can present up to six
independent polarizations of GWs. For a particular combination of the parameters, we find that quadratic gravity can present up to five polarizations states. On the other
hand, if we use the Palatini approach for f(R) theories, GWs present only the usual two transverse-traceless polarizations such as in general relativity. Thus, we conclude
that the observation of GWs can strongly constrain the suitable formalism for these theories.
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_ 21? / de* [V=gf (R) + 25> L]

Field Equations

2,
z:a,b = r"Tap

Yab = flRa - %fgab - Vavbf, + gabDfl
= flRab - %fgab - f//VaVbR - fmvavaR + gab(f///chch + f”DR)

30f —2f + f'R = °T

Bianchi ldentities

VeEaw =0= VT,
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The QNM problem

Given some eignevalue problem described by a master equation, we have

m Quasi-normal modes
m The algebraically special mode (tensors only)

m Quasi-bound modes (scalars only)

6/36



The QNM problem

Given some eignevalue problem described by a master equation, we have

m Quasi-normal modes
m The algebraically special mode (tensors only) Boundary conditions

m Horizon: Ingoing
m Quasi-bound modes (scalars only) = Infinity: Outgoing

7/36



The QNM problem

Given some eignevalue problem described by a master equation, we have

m Quasi-normal modes
m The algebraically special mode (tensors only) Boundary conditions

m Horizon: Outgoing
m Quasi-bound modes (scalars only) = Infinity: Outgoing

8/36



The QNM problem

Given some eignevalue problem described by a master equation, we have

m Quasi-normal modes
m The algebraically special mode (tensors only) Boundary conditions

m Horizon: Ingoing
m Quasi-bound modes (scalars only) m Infinity: Decaying

9/36



The QNM problem

Given some eignevalue problem described by a master equation, we have

m Quasi-normal modes

m The algebraically special mode (tensors only) Boundary conditions
m Horizon: Ingoing
m Quasi-bound modes (scalars only) m Infinity: Decaying

m In the limit Sw — 07, we talk of Quasi-resonant
modes
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Initial value problem

_ 2
Uty = C Ugy

Ugn =0

Ov = Ozt

Ut = S

System 3 St = CWy

Wy = CSy
(8% + ¢8,)(8s — ¢dy)u = 0 !

11/36



Initial value problem

m 3+1 Cauchy ) ) S
ds? = —(a2 - ﬁiﬁl)dﬁ + 2f,dtdz" + y;;dz'da? |

m Characteristic

W
ds? = — <e25 (1 + 7) - r2hABUAUB) du? — 2e*Pdudr — 2r2h A gUBdudz?® + r?hapdz?dz? .
T
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Initial value problem

m 3+1 Cauchy ) ) S
ds? = —(a2 - ﬁiﬁl)dﬁ + 2f,dtdz" + y;;dz'da? |

m Characteristic

W
ds? = — <e2ﬂ (1 + 7) - r2hABUAUB) du? — 2e*Pdudr — 2r2h A gUBdudz?® + r?hapdz?dz? .
T

worldtube  outer
il boundary B

z, Y,z
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Bondi-Sachs system

The field equations result in a hierarchy of equations
m Hypersurface equations (4 equations)
m Evolution equations (2 equations)
m Trivial equation (1 equation)

m Supplementary equations (3 equations)

Introduce a complex dyad ¢*, with ¢*g4 = 0, ¢*Ga = 2, then define

J = %quBhAB and U=U",4 etc
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Linearized perturbations

2M
ds? = — <1 — T) du? — 2dudr + r?gapdz?dz? |
Rv‘LJJUvvaaﬂ = O(G) 5

f(R) :f(/o)R;
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Harmonic decomposition

In general

fUTQ Zflmur Zlm'

For a spherically symmetric background, the (¢, m) modes decouple

fu,r, Q) = f(u,7)s Zom

One can further decompose f(u,r)

f(uv T Q) = f(r)%(epu)szém
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Harmonic decomposition

In general

fUTQ Zflmur Zlm'

For a spherically symmetric background, the (¢, m) modes decouple
flu,r, Q) = f(u,7)s Zom time domain
One can further decompose f(u,r)

Flu,r, Q) = F(r)R(”™) s Zom frequency domain

Ouf +— pf(T)

18/36



Master equations

m Tensor sector, define J = 7“3(1“J(1“)),rr
Frequency domain

r?(r—2M) T —2r (pr® +17—5M) T, — [200% + (> + € —2)r + 16M| T =0.

m Scalar sector
Frequency domain

r(r—2M)R., —2(pr® —r+ M) R, — [2pr + L({ + 1) + m*r* ] R=0.
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Master equations

m Tensor sector, define J = 7“3(7“J(1“)),rr
Frequency domain

r?(r—2M) T —2r (pr® +17—5M) T, — [200% + (> + € —2)r + 16M| T =0.
Time domain
r?(r—=2M) T — 20 Jur — 20 (r =5M) T —2r°Fy — [((P + € —2)r + 16M] T = 0.
m Scalar sector
Frequency domain
r(r—2M)R., —2(pr® —r+ M) R, — [2pr + L({ + 1) + m*r* ] R=0.
Time domain

r(r—2M) Ry —2r°R oy — 2(—r + M) R, — 2rR, — [0(¢+ 1) + m*r*] R=0.
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Continued fraction method: Tensor modes

m Near the horizon r = 2M . The two independent local behaviours are
T~ (r=2M)°  and T~ (r—2M)%M=2, (1)
m Asymptotically as 1 — co. The two independent behaviours are
T ~ %, and  J ~ p3tAPM 2or, (2)

The QNM ansatz

> —2M
T = pAeM+3 2p(r—2M) Z O <7" ) ) (3)
n=0
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Continued fraction method: Tensor modes

apay + Boag = 0,

Anln41 + /Bnan + Ynln—1

Il
o
I~
I
—_
N
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Continued fraction method: Tensor modes

apay + Boag = 0,

Anln41 + /Bnan + Ynln—1

Il
o
I~
I
—_
N

with
= -—n?+ (4Mp —4)n+4Mp -3,

B =2n? — (16 Mp — 2)n + 32M?*p? —8Mp — 3 +L(L + 1),
Yo = —n? + (8Mp+2)n — 16M?p* —8Mp ,
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Continued fraction method: Tensor modes

apay + Boag

QpQn41 + /Bnan + Ynan-1 =

This is equivalent to

24/36



Continued fraction method: Tensor modes

apar + Boao 0,
QpQn41 + /Bnan + Ynn—1 = 0 n=1,2
This is equivalent to
0=y — QoY1 172 273
fr1— Pa— Bz—
Which can be inverted any number of times
B o AUp—1Vn Op—2Yn—1 . QoY1 o AUnYn+1 On4+1Yn+2 On42Yn+3 .
n

Brn-1—  PBn-2— —Bo|  Buti— Bni2—  Bnisz—
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Continued fraction method: Tensor modes

apar + Boao 0,
QnGnt1 + Brnn + Ynan-1 = 0 n=1,2,
This is equivalent to
0=y — QoY1 172 273
pr— Ba— Bs—
Which can be inverted any number of times
g, — On=1n On2Yn 060’71} _ Onndl Ong1Vnt2 Ong2¥nes
" Bpoi—  Bn-a— —Bo Brn+1—  Bnt2—  Bnts—

Remainder term

¢ O —3/2
~Y D— N
Ry ~ Cy+ N + N +0 ( ) )
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Continued fraction method: Scalar modes

m Near the horizon r = 2M . The two independent local behaviours are
R~ (r—2M)°  and R~ (r—2M)*™M, (4)

m Asymptotically as 1 — oo. The two independent behaviours are

R%)(T) ~ exp[(p + k) r] ot (5)
where
M |,
Kk =/p?+m? and A =p+k and or=-1+ 7)& (6)

The QNM ansatz
2MN\"
R = ePtrrpot E an, (1——) , (M
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Continued fraction method: Scalar modes

apay + Boag = 0,

Anln41 + /Bnan + Ynln—1

Il
o
I~
I
—_
N
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Continued fraction method: Scalar modes

apay + Boag = 0,

Anln41 + /Bnan + Ynln—1

Il
o
I~
I
—_
N

with

ap =(n+1)(n+1-4Mp) ,

Bn=—2n"+ (AMXs + 204 ) n+ (0p —AMo Ay —2MAL — (((+1)) ,

’ynz(n—l—a+)2
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Continued fraction method: Scalar modes

aoar + foag = 0,
Qnlnt1 + /Bnan + Ynan-1 = 0 n=12-

This can again be written in terms of a continued fraction

3 Qn—1Yn On—2Yn—1 Q01| _ OnVntl Ont+1VYn+2 On+27n+3
L — e e

ﬁnfl_ anQ_ _/60 B BnJrl_ 6n+2_ Bn+3_
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Continued fraction method: Scalar modes

aoar + foag = 0,
Qnlnt1 + /Bnan + Ynan-1 = 0 n=12-

This can again be written in terms of a continued fraction

3 Ap—1Yn On—27Yn—1 04071} ~ OnYntl Ont1Yn42 On42Vn+3
 — e .

ﬁnfl_ Bn72_ _/60 N BnJrl_ 6n+2_ Bn+3_
Remainder term

Cr | G ~3/2
Ry ~ Co+ N + N +0 (]\7 ) ,
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Im(2Mw)
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£=3
This work (£ =2)
This work (£ = 3)
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Re(2Mw)

Results: Tensor modes
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Time domain: Tensor and Scalar modes

2 (r —2M) Jp — 20 Juy — 2r (r —=5M) Ty — 202 F — [(P + € —2)r +16M] T =0. (8)
Introduce ¢ = 7,

_ — 2 _
r—2M r—5M (FF+0—-2)r+16M 7. (10)

1
btz = o I I 23
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Time domain: Tensor and Scalar modes

r(r—2M)R,, —2r°Ryr — 2(—r + M) R, — 2rR, — [(({ + 1) + m* ] R =0. (8)
Define ¢ = R,
R, = @b (9)
1 — —
wr + —?/J = R,rr + 2 R, — R. (10)
T r
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Time domain: Tensor and Scalar modes

r(r—2M)R,, —2r°Ryr — 2(—r + M) R, — 2rR, — [(({ + 1) + m* ] R =0. (8)
Define ¢ = R,
R, = @b (9)
1 r—2M r—M 00+ 1) + m?2r?
% + ;?/J - 2 R,rr + D) R,r - 22 R. (10)

Both equations take the form

Q- —%Q—G—S(T,P,PT,P,«,») (12)
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m Are there other ways of deriving the algebraically special mode? (e.g. can one find explicit
conditions under which the operator on 7 is self-adjoint?)

m Long term evolutions of the scalar equations.
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