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Question 1. (24 marks)

Let Z be a (real, finite-dimensional) vector space.

(a) Explain what is meant by saying that a map Ω : Z × Z → R is
a symplectic form on Z. Hence show that if Ω is a symplectic
form on Z, then Z must be even-dimensional.

(b) Show that Z = W × W∗ admits a canonical symplectic form.
(Here, W∗ denotes the dual of the vector space W.)

(c) Verify that the formula for the symplectic form on R2n as a
matrix, namely

J =

[

0 1

−1 0

]

∈ R
(2n)×(2n)

coincides with the definition of the symplectic form as the canon-
ical form on R2n regarded as the product Rn

× (Rn)∗.

[12,6,6]
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Question 2. (28 marks)

Let (Z,Ω) be a (real, finite-dimensional) symplectic vector space.

(a) Explain what is meant by saying that a vector field X : Z → Z is
Hamiltonian. Hence show that the Hamiltonian vector field XH

exists for any given (smooth) function H : Z → R.

(b) Prove that a linear vector field A : Z → Z is Hamiltonian
if and only if A is Ω-skew (i.e., Ω(Az1, z2) + Ω(z1, Az2) = 0
for all z1, z2 ∈ Z).

(c) What about a general (smooth) vector field X : Z → Z ? Make
a clear statement and then prove it.

[4,14,10]
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