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Question 1. (23 marks)

(a) Define the term quaternion, and then explain what is meant by
saying that the set H of all quaternions has an algebra structure.

(b) Given pure quaternions p, q ∈ Ri + Rj + Rk, define the vector
product

p× q = (p2q3 − p3q2)i + (p3q1 − p1q3)j + (p1q2 − p2q1)k.

Prove that (for pure imaginary quaternions p, q, r)

p× (q × r) = q (p • r)− r (p • q).

(c) Hence, deduce the Jacobi identity

p× (q × r) + q × (r × p) + r × (p× q) = 0.

(d) Show that the reflection of H = R4 in the hyperplane through
the origin O orthogonal to the unit quaternion u is the map

q ∈ H 7→ −u q̄ u ∈ H.

[3,6,2,12]
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Question 2. (30 marks)

(a) Prove that an n× n real matrix A represents a rotation of (the
Euclidean space) Rn, n ≥ 2 if and only if

AA> = 1 and det (A) = 1.

(b) Explain what is meant by a maximal torus of (the matrix group)
SO (n) and then identify a maximal torus in SO (4). Prove your
assertion.

(c) Explain what is meant by the center Z(SO (n)) of SO (n), and
then prove that

Z(SO (4)) = {−1,1} .

[10,12,8]
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