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Question 1.

(a) Define the following terms : regular curve, unit-speed curve and
signed curvature (of a unit-speed plane curve).

(b) Let κ : (α, β) → R be any smooth function. Show that there is
a unit-speed curve γ : (α, β) → R

2 with signed curvature κ.

(c) Let γ be a unit-speed plane curve with nowhere zero curvature.
Define the centre of curvature ǫ(s) of γ (at the point γ(s)) to
be

ǫ(s) = γ(s) +
1

κs(s)
ns(s).

Prove that the circle with centre ǫ(s) and radius 1
|κs(s)|

i. is tangent to γ at γ(s)

ii. has the same curvature as γ at γ(s).

[4,7,10]
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Question 2.

(a) Let γ be a regular curve in R
3 with nowhere vanishing curvature.

Define carefully the torsion of γ. Hence, prove that if the image
of γ is contained in a plane, then the torsion τ is zero (at every
point of the curve).

(b) Show that the parametrised curve

γ(t) =

(

1 + t2

t
, t+ 1,

1− t

t

)

is planar.

[12,6]

Question 3.

(a) Explain what is meant by a simple closed curve in R
2 and then

carefully define its length ℓ(γ) and the area of its interior A (int(γ)).
Hence, state (but DO NOT PROVE) the Isoperimetric Inequality.

(b) By applying the isoperimetric inequality to the ellipse

x2

a2
+

y2

b2
= 1 (a, b > 0)

prove that

∫ 2π

0

√

a2 sin2 t+ b2 cos2 t dt ≥ 2π
√
ab.

[7,6]
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