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Question 1.

(a) Define the geodesic curvature of a regular curve on a surface.
Hence compute the geodesic curvature of any circle on a sphere
(not necesarily a great circle).

(b) Define the Weingarten map Wp of a surface S at p ∈ S. Let
σ be a surface path containing the point p in its image. Show
that the matrix of Wp with respect to the basis {σu, σv} of the
tangent plane TpS is F−1

I FII . (Here

FI =

[
E F
F G

]
and FII =

[
L M
M N

]
where E,F,G and L,M,N are the coefficients of the first and
the second fundamental forms of σ, respectively.)

(c) Let σ be a surface patch with first and second fundamental forms

E du2 + 2F dudv +Gdv2 and Ldu2 + 2M dudv +N dv2.

Show that
σuu = Γ1

11σu + Γ2
11σv + LN.

Also, compute/derive the coefficient (Christoffel symbol)

Γ1
11 =

GEu − 2FFu + FEv

2(EG− F 2)
·

[7,8,12]
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Question 2.

(a) Define the terms Gaussian curvature and mean curvature of a
surface. Hence compute the Gaussian curvature of (the catenoid)

σ(u, v) = (coshu cos v, coshu sin v, u).

(b) Show that the Gaussian curvature and mean curvature of the
surface

S =
{

(x, y, z) ∈ R3 | z − f(x, y) = 0
}

are

K =
fxxfyy − f2xy

(1 + f2x + f2y )2
, H =

(1 + f2y )fxx − 2fxfyfxy + (1 + f2x)fyy

2
√

(1 + f2x + f2y )3
·

(c) Let p be a point of a flat surface S, and assume that p is not
an umbilic. Prove that there is a surface patch of S containing
p that is a ruled surface.

[8,8,12]
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