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Question 1.

(a) Let γ : (α, β) → R3 be a parametrized curve (in R3). Explain
what is meant by saying that

i. γ is regular ;

ii. γ̃ is a reparametrization of γ;

iii. s(·) is the arc-length of γ (starting at the point γ(t0)).

(b) Find the arc-length of the parametrized curve

γ(t) =
(
e3t cos t, e3t sin t

)
, t ∈ R

starting at the point (1, 0).

(c) Let p and q be two points in R3, and let γ : (α, β) → R3 be
a parametrized curve such that γ(a) = p and γ(b) = q, where
α < a < b < β. Show that, if u is any unit vector, then

(q− p) • u ≤
∫ b

a
‖γ̇(u)‖ du.

Hence deduce that the length of the part of γ between p and q
is at least ‖q− p‖.

[4,5,18]
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Question 2.

(a) Define the terms curvature and torsion for a regular (not nec-
essarily unit-speed) space curve. Hence find the curvature and
torsion of the parametrized curve

γ(t) = (2 cos t, 2 sin t, 3t) .

(b) Let γ be a regular curve in R2 and let λ ∈ R. The parallel curve
γλ of γ is defined by

γλ(t) = γ(t) + λns(t).

Show that, if |λκs(t)| < 1 for all values of t, then γλ is a regular

curve and its signed curvature is
κs

1− λκs
·

[10, 17]
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