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AM3.4 - DIFFERENTIAL GEOMETRY

NB : All questions may be attempted. All steps must be clearly motivated.
Marks will not be awarded if this is not done.

Question 1. [22 marks]

(a) Explain what is meant by saying that a parametrised curve - :
(o, B) — R? is regular, and then carefully define the curvature
and the torsion of a regular curve (of arbitrary speed). Make
clear statements but DO NOT prove them.

(b) Compute the curvature and the torsion of the circular helix
~v(t) = (acost, asint, bt).

(¢) Let k,7: (e, B) = R be two smooth functions with x > 0. Prove
that there is a unit-speed curve 7 : (a, ) — R3 whose curvature
is k and whose torsion is T.

4,6,12]
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Question 2. [20 marks]

(a)

Explain carefully what is meant by saying that S C R? is a
smooth surface. Give sufficient conditions for a level surface

S={(z,y.2) €R® | f(z,y,2) =0}
to be a smooth surface.

Consider the hyperbolic paraboloid
H = {(w,y,z) cR3 | 22 —y2 =z}

Show that o(u,v) = (u, v, u? — vz) is a (regular) parametrisation
of the part

Hy ={(z,y,2) € H | 2> 0}
of the hyperboloid H. Find another (regular) parametrisation of
the same part H,.

Define the tangent developable T associated with the curve ~.
Hence, prove that any tangent developable is isometric to (part
of) a plane.

[3,5,12]

Question 3. [22 marks]

(a)

Define the first and the second fundamental forms of a surface
patch. Hence, compute these forms for the surface of revolution

o (u,v) = (f(u) cosw, F(u)sinv, g(u)).
(You may assume that f > 0 and that the profile curve is unit-
speed.)

Explain what is meant by saying that a diffeomorfism f : S —
S (between surfaces) is conformal. Hence, prove that if for any
surface patch o7 on Si, the first fundamental forms of o1 and
o9 are proportional, then (the diffeomorphism) f is conformal.

Show that the (Mercator’s) parametrisation of the sphere
o(u,v) = (sechu- cosv, sechu-sinv, tanhu)
is conformal.

[6,10,6]
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Question 4. [24 marks]

(a) Define the terms principal curvatures, gaussian curvature, and
mean curvature. Hence, calculate the principal curvatures and
the gaussian curvature for the helicoid

o(u,v) = (veosu, vsinu, \u).

(b) A curve v on a smooth surface S is called asymptotic if its
normal curvature is everywhere zero. Hence, show that a curve
~ with positive curvature is asymptotic if and only if its binormal
b is parallel to the unit normal of S at all points of ~.

(c) Show that the asymptotic curves on the surface
o(u,v) = (ucosv, usinv, Inu)

are given by
Inu==+(w+c), ceR.

[8,6,10]
Question 5. [22 marks]

(a) Define the term geodesic, and then write down, without proof, the
geodesic equations. Explain the connection between geodesics and
shortest paths on a arbitrary surface. Make a clear statement but
DO NOT prove it.

(b) Describe four different geodesics on the hyperboloid of one sheet
H={(z,y,2) eR® | 2* +y> —2* =1}

passing through the point (1,0,0). (Hint : Find two lines and
two normal sections.)

(¢) Determine all the geodesics on the circular cone
S={(z,y,2) e R*|2* +y* = 2*}.

[6,8,8]

END OF THE EXAMINATION PAPER
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