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Problem statement

Hamilton-Poisson systems on so (3)*

@ Classify quadratic Hamilton-Poisson systems
@ Stability

@ Integration via Jacobi elliptic functions.
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Poisson structure

(minus) Lie-Poisson structure

{F,G}(p) = —p([dF(p),dG(p)]), pEg"

@ Hamiltonian vector field:
HIF] = {F,H}

@ Casimir function:
{C,F} =0
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Hamilton-Poisson Systems

Quadratic Hamilton-Poisson System (g* , H)

® Hag: pr>pA+pQp’, Acg
@ Equations of motion:

pi = —p ([Ei, dH(p)])

H=nN_.-VH

@ Q (PSD) quadratic form
@ A= 0-homogeneous
@ A # 0 -inhomogeneous
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50(3)={AcR¥® | AT+ A=0)

@ Basis:

00 0 0 0 1
E;=[0 0 -1| E=|0 00
01 0 1.0 0

@ Commutator relations:
[Ez, E3] = Eq [Es,Ei]=E>  [Ey,E)) =E3

0 -1 0
Es=[1 0 o0l:

0 0 O

Poisson structure on so (3)*

0 —p3s p2
ofN_=|ps 0 —p
—-p2 p1 O

° C(p) = Pt + 3 +P5
@ Automorphisms: Aut(so (3)*) = Aut(so (3)) = SO (3)
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Affine equivalence

Definition

Systems G and H are affinely equivalent if
3 affine automorphism ¢
such that .G = H

Proposition
The following systems are equivalent to Hy q:

@ Hpqovy: where ¢ - linear Poisson automorphism
@ Hppq:wWhere r#0
@ Hyq+ C:where C- Casimir function
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Classification on so (3)*

° 37
® pf + 3P%

H(p) = pA+ pQp'
@ api
1,42
® P2+ 3P
® p1+ 3p%
® pi+apz+ 303
® 11+ azpP2 +vPs + PF + P3|
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Homogeneous systems

Proof (sketch)

@ Let Ho=pQp" (Q PSD 3 x 3 matrix).

@ JW ¢ SO(3) suchthat VQWU T = diag(ay, ap, a3), where
a>a>a3=>0

sz (VQUT — a3C(p)) = diag(1,,0),0 < a < 1.

° 7%) = dlag(_\/é\/1 - O‘72\/01(1 o Oé), _\/é\/a)
brings Ha(p) = P2 + apj into Hi(p) = p2 + 103

p1 = 2v20v/1 — ap2ps
w-F/a = A, o po=4\/a(l—a)pips
p3 = 2V2a(1 — ) pype.

R.M. Adams, R. Biggs, C.C. Remsing (RU) Stability and Integration on so (3)* VARNA "13

11/40



Inhomogeneous systems

Proof (sketch)
@ Let HA,Q = pA+ prT
@ By Proposition, Hy g is A-equivalent to (for some p’ € s0(3)*)

/

1
Ha(p) =P\ Ho(p) = P+ 5pi,  Holp) =P+ pi + s

@ Consider W € SO(3) s.t. WQV' = Q. Let Hy ,(p) = ap, then
Ha(p) = H1,0H o > 0
@ Consider ¢ : p — Yo(p) + q S.t. o - Hy.o = Hi g o
@ For vo = [1],
—anp13P2 + athiops = 0

—athp3Po + athpops — B(W31P1 + 32P2 + Yazps + g3) =0
—athaa3Po + athzops — B(W21P1 + ooP2 + Y33 + g2) =0
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Inhomogeneous systems

Proof (sketch)
e Consider Hp(p) = p + 3p%.
@ Then V = [io1 g} ScO2),for vQVT = Q

@ Thus Hp(p) is equivalent to (a1, a2 > 0)

1
Ha o (P) = a1y + cop2 + §P12

@ Let ay =0. Then Ho,, = Ho 1, Where Hp1 = po + %pf
@ Indeed, Ay, and Hy are compatible with the affine isomorphism

1.0 0 0o 1"
p—p|0 az O+ |1-0a3

0 0 0
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© stability
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Types of stability

@ Lyapunov stable
V nbd N 3 nbd N' s.t. Fy(N') C N

@ spectrally stable
Re()\;) < 0 for eigenvalues of DH(pe)

@ Lyapunov stable = spectrally stable

Energy methods

@ Energy Casimir: (A, A2 € R),
d(AMH4+ X2C)(pe) =0 and  d?(MH+ A2C)(Pe) |wxw< 0

W = ker dH(pe) Nker dC(pe)

@ Continuous energy Casimir: H='(H(pe)) N C~1(C(pe)) = {Pe}
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Classification on so (3)*

° 37
® pf + 3P%

H(p) = pA+ pQp'
@ api
® P2+ 3p%
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® 11+ azpP2 +vPs + PF + P3|
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Stability: H(p) = p2 + 35

Equations of motion
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Stability: H(p) = p2 + 35

Each state e* = (i, 1,0) is stable, € R
@ Let Hy = \{H+ X\oC.
;

@ For \y=1and \p = —5

0 0 0
dHx(e") =0 and d?H,(e*)=|0 -1 0
0 0 -1

1 0
W = kerdH(e") nkerdC(e") = span { [u] ) [O] }
0 1

@ Thus (u # 0)

2 0
dZHA(e“)|WxW:[5‘ _1}
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Stability: H(p) = p2 + 35

Each state e* = (0, i1, 0) is stable for p < 1

@ For i < 1, the Hessian is given by

~(%£) 0 0
aPH\(p,0,00=| 0 -1 0
]
0 0 —
@ For u=0
C~'(C(e) = (0,0,0)
@ For p=1

H-'(HEeY)nc'(c(e') = (0,1,0)

@ ¢t is (spectrally) unstable for u > 1.
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Classification on so (3)*
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Stability: H(p) = ps + 35

Equations of motion
p1 =0
P2 = (14 p1)ps
ps = —(1+pi)p2.
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Stability: H(p) = ps + 35

Each state e*” = (—1, u, v) is unstable

o Let e = /2 + 12
@ Consider open ball B, centred at e*”

@ An integral curve of Fl, forany § > 0,
p(t) = (=1 + 9, pcos(dt) + vsin(dt), v cos(dt) — psin(dt))

evVVcCHB, e eV, there 3§>0 st p0)eV

@ Furthermore

= VP22 +v2>e

Ty g
HP(35) €5
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Stability summary

=1

P+ 307 P+ apz + 50}
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e Integration
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Integration: H(p) = po + 3p%

Equations of motion

p1 = —ps, P2 = P13, p3 = p1(1 — p2)

Separation: Let hy = H(p(0)) and ¢y = C(p(0))
@ Level sets H='(hg) and C~'(cy) are tangent if their gradients are
parallel
@ For A € R\{0}

P 2P
VH(p) = \VC(p) — {1 } = {Zpgl
0 2ps

’
p1 = 2\py, P2= 51 ps =0

A\
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Integration: H(p) = po + 3p%

@ For N\#£1: p3=p; =0, pp e R\{1}:
ho=p> and co=p3 = co=Hh
@ Therefore we consider:
co < h3, co = h3, co > h3
@ For \=1:p3=0,pp=1, pj eR:
ho=1+3pf and co=pf+1 = cop=2h — 1

@ We further consider:

Co =2hy — 1, Cco > 2hg — 1
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Integration: H(p) = po + 1p5: 0 <2hy —1 < ¢y < h3
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Theorem: H(p) = p» + 1p?

For 0 <2hy—1<co < h, o€ {-1,1},

-0 L
Palt) = o +0 =5 —ksid(Qt, K)
| Pa(f) = okQV23 ¢ sir](éﬂz‘nkl;)— 1
Here Q =vhy— 149, k = h°1 andé_ h3 — co
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Proof (Sketch)

©  H()=p2+3p2  and  C(p) = pE +p5+ P
© 4P2 = pips = \/2(ho — B2)(co — 2(ho — P2) — B3)

@ Transform it into standard form, letting s = %:g,
ba(t)—ry
1 po(t)—r;
Vot~ /Pz(f) 2 ds

PTOERE (e g) (4 8)
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Proof (Sketch)

@ Applying the integral formula

1dc! (1x b), b<a<x

/X dt B 5
a J(B-—a)(-b) 2 av a

we obtain

ry/— % dc ((H — 1)V2A1 Az /-2 1, 1) -

By

Ao

pa(t) =
—2 dc ((nrg)\/m —2t,— )1

@ Hence
d(k+ dc(Qt, k))

Pe(t) =ho+ = —4cat k)
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Proof (Sketch)

@ Using m = dc(x, k) and a translation in { we get
- 20
Pe(t) = ho+ 0 + ksn(Qt k)—1°

@ Solve for p1(t) and pz(t) using constants of motion.
e Verify 3p(t) = H(p(t)), for example

& pe(t) ~ Pr (0Pa(1)
 2kd(—1+0?)Qcn (Qt, k)dn(Qt, k)
B (=1 + ksn(Qt, k))2 '

which is zero for o € {—1,1}.
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Proof (Sketch)

Verify p(t) = p(t + b)
® We have p2(0) + 3p1(0)* = hy and p;(0)2 + p2(0)? + p3(0)? = co.
@ Thus

1—V/1+c—2hy <p2(0) <1+ /14 co—2hg.

@ Now po(K) =1— T+ ¢ —2hy and po(35) =1+ /T + co — 2ho.
@ Thus 3t < [K, 3K] such that pa(t) = p2(0).
@ Then

min (o — p2(0)) = ho — 1 = v/T+ c — 2o > 0.

Thus p1(0) # 0. Let o = sgn (p1(0)).
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Proof (Sketch)

@ Then, we have
p1(0)? = 2hy — 2pa(0) = 2hy — 2Pa(t) = P ().

® As sgn(p1(0)) = o =sgn (p1(t)), p1(0) = p1(t).
@ Also,
ps(0)? = co — p1(0)® — p2(0)?
= o — P1(t)? — Pa(t1)” = Ps(to)®.

Thus p3(0) = £ps(th).
@ Now
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Theorem: H(p) = p» + 1p?

For h3 < ¢y, 0 € {—1,1}
pi(t) = ov2y/hg + 6 — 1 cn(Qt, k)

(1) =ho — (ho + 6 — 1) en (Q ¢, k)?
pa(t) = ovV2y/hg+ 0 —1Qdn(Qt, k) sn(Qt, k).

Here Q = /3, k = /™21 "and 6 = T + ¢o — 2ho

I@I
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Theorem: H(p) = p» + 1p?
B1(t) = 20+/ho — 1 sech ( ho—1t)
Po(t) = ho — 2(h — 1) sech (\/l70——1t)2
Bs(f) = 20(ho — 1) sech <\/ho——1t> tanh <\/ho——1t> .
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Classification on so (3)*
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Integration: H(p) = p1 + apo + 33

Equations of motion

p1 = —aps
p2 = (1 + p1)ps
p3 = api — (1 + p1)pe.

@ Consider H(p) = pi + p2 + +p?
@ Transform equation

dpy
at

@ Decompose into

1 D N = - -
_ _E\/4co — 42 + 8hopy — 82 + 4o — 4P3 — Pt

a5\ 2
(g) = (7105 + v2p1 + 73) (M P? + n2p1 + 13)
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Integration:
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Conclusion

@ Classification of Hamilton-Poisson systems on so (3)*
@ Stability nature of equilibria
@ Integration of several systems

v

Outlook

@ Integration of remaining systems
@ Associated optimal control problems on SO (3)
@ Systems on so (4)*
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