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Invariant control affine systems

Left-invariant control affine system (with ¢ inputs)

(X) g=g(A+uiBi+--+uwby), g€G, uelkRt

@ state space : G is a connected (matrix) Lie group

e input set : U =R¢

@ parametrization map: =(1,-) : R =g, wu+— A+ w1 Bi+-- -+ By
is an injective (affine) map

o trace: T=A+T%= A+ (By,...,By) is an affine subspace of (the
Lie algebra) g.

When the state space is fixed, we simply write

> A—i—ulBl—i—---—l—u(ng.
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Invariant control affine systems (cont.)

A system X is called
@ homogeneous : A € I

@ inhomogeneous : A ¢ I,

> has full rank : the trace I' C g generates g.

Systems on 3D (matrix) Lie groups

@ A single-input inhomogeneous system has full rank if and only if
A, B; and [A, B;] are linearly independent.

@ A two-input homogeneous system has full rank if and only if
Bi, By and [Bi, By] are linearly independent.

@ Any two-input inhomogeneous system has full rank.
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Detached feedback equivalence

Definition

Two systems ¥ and ¥’ are called (locally) detached feedback equivalent
if there exist

@ neighbourhoods N and N’ of (the unit elements) 1 and 1’, resp.
o diffeomorphisms ¢ : N — N’ and ¢ : R — R”
such that

¢(1)=1" and Tgo-=Z(g,u) == (4(g) ¢(v)).
(Here =(g,u) =g=(1,u).)

Detached feedback transformations are an appropriate specialization of the
(more general) feedback transformations.
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Detached feedback equivalence (cont.)

Theorem

Two full-rank systems ¥ and ¥’ are detached feedback equivalent if and
only if there exists a Lie algebra isomorphism v : g — g’ such that

W-T=T.

Note
The classification problem (of full-rank systems evolving on 3D Lie groups)
reduces to the classification of the affine subspaces of each (3D) Lie

| A\

algebra.
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The Bianchi-Behr classification

Classification (of real 3D Lie algebras)

There are eleven types of algebras (in fact, nine algebras and two
parametrized infinite families of algebras):

e 3g : R® (I, Abelian)

° g21®g1 : aff(R)@R (/)

@ g31 : bz (I, nilpotent)

@ g3o (/V,solvable)

e g33 (V,solvable)

o g3, : se(L,1) (Vh,solvable); g34,a>0,a#1 (Vi)
o 935 : se(2) (Vllp,solvable); g3s,a>0,a#1 (Vily)
o 93¢ : sl(2,R) (Vill,simple)

o g3, : s50(3) (IX,simple)
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The solvable case : Heisenberg group

Theorem hs: [E2, B3] =F
Let X be a full-rank system evolving on a solvable 3D Lie group (with Lie

algebra g). If g = b3, then ¥ is equivalent to exactly one of the following
systems :

o YL . E, 4 uF;

o ¥(20) . u Ex + upE3

o 252’1) C Ei +nEy + uEs Ei € o
° Zgzl) B34+ mE + wk E ¢ E

e Y(3.0) . w1 E1 + By + u3Es.
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The solvable case : Heisenberg group (cont.)

@ The group of automorphisms Aut (h3) is given by

yWw—vz X U
0 y v| iuv,wx,y,ZzeER yw—vz#0
0 z w

@ Suppose X is a single-input inhomogeneous system with trace
I =a'E;+ (b'E;). Then
a?b> — 3% al b
Y= 0 a2 |, - TOY =y (E+(E))=T.
0 g9 [P

o Likewise, 1 - 20 = 4. (B, E3) = (a'E;, b'E}).

Biggs, Remsing (Rhodes Univ) Classification of Invariant Control Systems NOLCOS 2013 9 /17



The solvable case : Heisenberg group (cont.)

Proof (cont.)

Let ¥ be a two-input inhomogeneous system with trace I = A +

@ Suppose E; ¢ 0 and let T = a’'E; 4 (b'E;, c'E;). Then

Vi VWV v3 al bl C1
1!1 = 0 1 0 y [Vl Vo V3} 82 b2 C2 = [1 0 0]
0 0 w a3 B 3
defines ) € Aut (h3) such that ¢ -T =TV = E + 1 B, + wyEs.
@ Suppose E; € % Then I = aE, + a3E3 + (Eq, b*E> + b3E3) and

b2a3—a%p3 0 0

W = 0 B2, ¢T3 =y (B+(E,E)=T.
0 B 3
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The solvable case : Euclidean group

Theorem s¢(2): [ExEs]=Ei, [Es E1] = B
Let ¥ be a full-rank system evolving on a solvable 3D Lie group (with Lie
algebra g). If g = se(2), then ¥ is equivalent to exactly one of the
following systems :

o TN . £y 4 uEs E5(r°) # {0}

o TV ¢ aEs 4 uk, E5(%) = {0}, E5(A) = #a
o Y20 .\ F) + uyE

° 252’1) DB+ uB + wmEs E3 (%) # {0}

° Zg&l) B3+ uE + ks E3(T%) = {0}, E5(A) = #a

o ¥(30) . u1E1 + upEyr + usE3
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The solvable case : Euclidean group (cont.)

Proof (distinct classes)

@ The group of automorphisms Aut (se (2)) is given by

X y u
Ty 4+x v | ix,y,u,vER, x2+y?#£0
0 0 =1

e (Ej, Ep) is an invariant subspace for any automorphism.

Suppose - (A+T9) = A" 44 -T°,
o If E;(I'%) = {0}, then E;(¢-T) = {0}.
o Moreover, if E;(I%) = {0} and Ej(A) = «, then E}(A’) = +a.
@ These invariants (together with dimension and homogeneity of trace)
allow us to distinguish between equivalence classes.
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The semisimple case

Theorem 5[(2,R) : [Ez, E3] = E, [E3. E1] = Ez, [El, E2] =—FK

Let ¥ be a full-rank system evolving on a semisimple 3D Lie group (with
Lie algebra g). If g = sl(2,R), then ¥ is equivalent to exactly one of the
following systems :

ot Bt uB+B) o TU B+ ks
(1,1) . (2,1) .
o 5 aby + uks o X177 B3+ uiEy+ ux(Er+ E3)
° Zg&l) Dok +ub ° Zg&” ok + ik + wks
° 22&1) s aB3 4+ ub ° Zg?&l) s ab3 + wmE + wk
o ¥*9 . WE + E, o X091k + wE + 1.
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The semisimple case : orthogonal group

Theorem s0(3): [EyE]l=h, B .G]=E, &, E]=E
Let ¥ be a full-rank system evolving on a semisimple 3D Lie group (with

Lie algebra g). If g = s0(3), then ¥ is equivalent to exactly one of the
following systems :

o =0V b + ubs e (N ee*(r) =a?
o ¥(20) . v Ex + B3
o TPV . aF + u B + ks ¢ (M) e e*(N) = a?

e Y30 . u1E1 + wEy + u3Es.
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The semisimple case : orthogonal group (cont.)

@ The group of automorphisms Aut (s0(3)) is given by
{g €ER33 : ggT =1, detg = 1}.

@ The dot product e on so0(3) is given by
a'Eje b'E; = a'b' + a°b* + 2°b>.
@ The level sets
Sa={A€s0(3): AeA=0}
are spheres of radius /a.

@ Aut(so(3)) acts transitively on each sphere S,.
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The semisimple case : orthogonal group (cont.)

Proof (cont.)
@ The critical point €*(I') at which A+ (B) or A+ (B1, By) is
tangent to a sphere S, is (unique and is) given by
AeB

B
BeB

e (M) =A—

-1
BieB; BieB Ae B
e =A-[B B .
(0 P [/31./32 32.32] [AoBJ
@ Moreover, ¢ - €*(') = &€*(¢p - ") for any automorphism 1.
e Equivalence classes (for inhomogeneous systems) are characterized by
what sphere S, their trace is tangent to.

@ Indeed, by transitivity all (2D) tangent spaces to S, are equivalent.

V
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Conclusion

@ Complete classification of invariant systems on 3D Lie groups has
been obtained.

@ There is another natural equivalence relation : state space
equivalence (much stronger; of limited use).

@ Detached feedback equivalence has a natural extension to invariant

optimal control problems : cost equivalence.
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