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0 Introduction
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Problem statement

Lie-Poisson space so (3)*

@ Dual space of the Lie algebra so (3)
@ Lie-Poisson structure

Hamilton-Poisson systems on so (3)*

@ Classify quadratic Hamilton-Poisson systems
@ Stability

@ Integration via Jacobi elliptic functions
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Poisson structure

Lie-Poisson bracket

{F,G}(p) = —p([dF(p),dG(p)]), pcg

@ Hamiltonian vector field:
HIF] = {F,H}

@ Casimir function:
{C,F} =0
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Hamilton-Poisson systems

Quadratic Hamilton-Poisson system (g*, H)

@ H: p—pA+pQp’, Acg
@ Equations of motion:

@ Q symmetric matrix
@ A =0 - homogeneous
@ A # 0 - inhomogeneous
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Lie algebra so(3)

s0(3)={AcR¥>3 | AT+ A=0}

@ Lie algebra of the rotation group SO(3)
@ Basis:

0 0 O 0 0 1 0 -1 0
E;=10 0 —1 Eb=|10 0 0] E=1|1 0 O
01 0 -1 00 0 0 O

@ Commutator relations:
[Ez, B3] = E4 [Es,Ei]=E>  [Ey,E)] =E3
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Lie Poisson space so (3)*

@ Dual basis: p=piE; + p2E5 + psEf = [p1 P2 ps]

@ Poisson structure:
0 -p3 po
M=|ps 0 —p

—P2 Py 0

@ Casimir function: C(p) = p? + p3 + p5
@ Linear Poisson automorphisms:

{p—pV¥ : VeRP3 Wy’ =1 det¥ =1} = SO(3)
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e Classification
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Affine equivalence

Definition

Systems G and H are affinely equivalent if
3 affine automorphism ¢
such that .G = H

Proposition

The following systems are equivalent to H:
@ Ho: where v - linear Poisson automorphism
@ H'(p) =pA+p(rQ)p': where r #0
@ H+ C: where C - Casimir function
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Classification on so (3)*

H(p) = pA+ pQp'

@ 1P

® 37

® P2+ 302

® pi+aips+ 5p7
onpr +pf + 305
0P + PF + 3P
a1Py + aoPp + P+ o7
a1y + agpPs + p7 + %Pg
011 + 2Pz +agPs + 07 + 207

@ ai>lag| >0
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Homogeneous systems

Proof (sketch)

@ Let H(p) = pA+pQp" (Q PD 3 x 3 matrix)

@ IV € SO(3) s.t. WQVT = diag(\1, A2, A3), (M > A2 > A3 > 0)
® Then 1= (WQUT — A3C) = diag(1,,0), 0 <a <1

@ Thus H is equivalent to (A’ = VA)

H'(p) = & p1 + ap2 + aPs + Pf + aps

® H'(p) = G(p) = b1p1 + bapz + bsps + p? + 5p3 under

__1-2a g4 T
—2(1 — ) 0 0 2(1—a) !
p—p 0 2/a(l1—-a) 0 |+ ﬁa’g
0 0 —V 2« _172aa/
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Inhomogeneous systems

Proof (sketch)
@ Thus H is equivalent to (for some B € s0(3)*)

1 1
Ga(p) =pB, Gp(p) =pB+ 55, Ga(p) = pB+pf + 55

@ i € Aut(so(3)*) s.t. (GSov) =p¥B=ap;, a>0
@ Let H,(p) = aps and Hz(p) = Bp1
@ Consider ¢ : p— pV +q s.t. Ty - a—Hﬁod} = [V;])

—aV3ip2 + aVoip3 =0
—aWzps + aWaops — B(Va1p1 + Vaopo + Vasps + q3) =0
—aVsa3po + aWa3pz — B(Vo1p1 + Waopo + Vozps + g2) =0

@ This implies that o = 8
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Inhomogeneous systems

Proof (sketch)
@ Consider GL(p) = pB + 3p?
@ Now Wdiag ($,0,0)WwT = diag (3,0, 0) if and only if

v = [deto(s) g] . seo)

e Thus GL(p) is equivalent to H'(p) = c1pr + azpo + 5p?
@ Let ay =0. Then H' = H], where H](p) = p» + 5p?
e Indeed, A’ = H] under the affine isomorphism

1.0 0 o 1"
p—=p |0 a O +1—a§
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© stability
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Types of stability

@ Lyapunov stable
V nbd N 3 nbd N' s.t. Fy(N') C N

@ spectrally stable
Re()\;) < 0 for eigenvalues of DH(pe)

@ Lyapunov stable = spectrally stable

Energy methods

@ Energy Casimir: (A, A2 € R),

d(AMH4+ X2C)(pe) =0 and  d?(MH+ A2C)(Pe) |wxw< 0

W = ker dH(pe) Nker dC(pe)

@ Continuous energy Casimir: H='(H(pe)) N C~1(C(pe)) = {Pe}
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Classification on so (3)*

H(p) = pA+ pQp"
@ 1P
® 37
(]
(*]
(*]
(*]
(*]
(]
(*]

P2 + 302

P1 + a1pa + 0%

1Pt + pf + 35
P2+ Pf + 3P

o1 P +02P2+P$+%P§

a1 P +a3P3+P$+%P§

1Py + P2 + a3P3 +P$+%P§)

aq,an >0
@ o > |043| >0
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Stability: H(p) = p2 + 35

Equations of motion
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Stability: H(p) = p2 + 35

Each state e* = (i, 1,0) is stable, © € R\{0}

@ LetHy =\ H+XC

@ For \y =1 and \p = -}

0 0 O
dHy(e*) =0 and d?Hy(e®)= |0 —1 0

0 0 -1
1 0
W = kerdH(e") nkerdC(e") =span { [—x|, |0
0 1
@ Thus
2

— 0
d2H(")lwxw = [ o _J
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Stability: H(p) = p2 + 35

Each state e* = (0, i1, 0) is stable for p < 1

@ For ;< 1and p # 0, the Hessian is given by

~(%£) 0 0
d*H\0,m0) = | 0 - 0
0 0 -
@ For u=0
C~'(C(e%) = (0,0,0)
@ For p=1
H™(H(e'))nC~'(C(e')) = (0,1,0)
@ ¢t is (spectrally) unstable for u > 1. ]
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Stability: linear equilibria

(d) p2 + 30% aps + pf + 505 apz + pf+ 505
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Stability: nonlinear equilibria

(f) c1pr + caps + pF + %,05 Q11 + azP2 + asps + Pi + %pﬁ
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e Integration
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Classification on so (3)*

H(p) = pA+ pQp"
@ 1P
® 37
(]
(*]
(*]
(*]
(*]
(]
(*]

P2 + 302

P1 + a1pa + 0%

1Pt + pf + 35
P2+ Pf + 3P

o1 P +02P2+P$+%P§

a1 P +a3P3+P$+%P§

1Py + P2 + a3P3 +P$+%P§)

aq,an >0
@ o > |043| >0
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Integration: H(p) = po + 3p%

Equations of motion

p1 = —ps, P2 = P13, p3 = p1(1 — p2)

Separation: Let hy = H(p(0)) and ¢y = C(p(0))
@ Level sets H='(hg) and C~'(cy) are tangent if their gradients are
parallel
@ For A € R\{0}

P 2P
VH(p) = \VC(p) — {1 } = {Zpgl
0 2ps

’
p1 = 2\py, P2= 51 ps =0

A\
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Integration: H(p) = po + 3p%

@ For N\#£1: p3=p; =0, pp e R\{1}:
ho=p> and co=p3 = co=Hh
@ Therefore we consider:
co < h3, co = h3, co > h3
@ For \=1:p3=0,pp=1, pj eR:
ho=1+3p% and c=pi+1 = cop=2hy 1

@ We further consider:

Co =2hy — 1, Cco > 2hg — 1
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Integration: H(p) = po + 3p2: co < M2
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Jacobi elliptic functions
For k € [0, 1]
@ Basic Jacobi elliptic functions

sn(x, k) = sin am(x, k)
cn(x, k) = cos am(x, k)

dn(x, k) = \/1 — k2sin® am(x, k)
where am(-,k) = F(-, k)" is the amplitude and K = F(3, k)

® dt
Flok) = [
0 1 — k2sin“t

@ sn(-, k) and cn(-, k) — 4K periodic
@ dn(-,k) — 2K periodic
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Theorem: H(p) = p» + 1p?

For co < h2, o € {—1,1},

-0 L
Palt) = o +0 =5 —ksid(Qt, K)
| Pa(f) = okQV23 ¢ sir](éﬂz‘nkl;)— 1
Here Q =+hy—1+9, k = h°1 andé_ h2 — cg
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Proof (Sketch)

o Let H(p) =P+ 3B2 = ho and C(P) = P2 + P2 + P2 = Go
® 92 = P13 = /2(ho — P2)(Co — 2(o — P2) — P3)

@ Transform into standard form, letting s = £ =/h —cp)
Pa(t)—rq
Vot 1 P72 ds

(n —r2)VAIAz Jo \/(32+ A2> (32+ 2})
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Proof (Sketch)

@ Applying the integral formula (dc = 97)

cn

1gc! (1x, g), b<a<x

/X dt -
a VE-@)E-p7)

we obtain

. —% dc ((I’1 —I’g)\/2A1A2 —%t, 1 ) — N

pa(t) =
—2 dc ((ﬁrz)m —2t, )1

@ Hence
d(k+ dc(Qt, k))

Pe(t) = ho + =50t k)
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Proof (Sketch)

@ Using m = dc(x, k) and a translation in { we get
- 20
Pe(t) = o + 0+ ksn(Qt, k) —1

@ Solve for p1(t) and pz(t) using constants of motion.
e Verify 3p(t) = H(p(t)), for example

& pe(t) ~ pr (0Pa(1)
_ 2k3(—1+02)Qen (1, k)dn (21, k)
- (-1 + ksn (Qt, k)2

which is zero for o € {—1,1}
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Proof (Sketch)

Verify p(t) = p(t + t)
@ We have pz(0) + 3p1(0)? = ho and p;(0)? + p2(0)? + p3(0)* = co
@ Thus

1— /1 +co—2hy < p2(0) < 1+ /1 + co— 2ho

@ Now po(E) =1 — /T + ¢ —2h and po(35) =1+ T+ — 2hy
@ Thus 3t € [K, 3K] such that pa(t) = p2(0)
@ Then

1p1(0)% = hg — p2(0) > hg — 1 — /1 +cg —2hy > 0
Thus p;(0) # 0. Let 0 = sgn (p1(0))

R.M. Adams (RU) Stability and Integration on so (3)* RU Maths Seminar 33/45



Proof (Sketch)

@ Then, we have
p1(0)? = 2hy — 2pa(0) = 2hy — 2Pa(t) = P ().

® As sgn(p1(0)) = o =sgn (p1(t)), p1(0) = p1(t)
@ Also,

Ps(0)? = o — p1(0)? — p2(0)?

= Co — P1(t)* — Pa(tr)?

Thus ps(0) = +Ps(t)
@ Now

= Ps(o)?

Pr(—t+3) =pi(t), Pa(—t+35) =pa(t), Ps(—t+35) = —ps(t)

@ Thus there exists t, € R such that p(0) = p(1)

R.M. Adams (RU) Stability and Integration on so (3)* RU Maths Seminar 34 /45



Theorem: H(p) = p» + 1p?

(t) = V2yhy+ 6 —1cn(Qt, k)
po(t) = hg — (ho + 6 — 1) cn (Q ¢, k)?
p3(t) = V2y/hy + 6 — 1Qdn (Qt, k) sn(Qt, k)

Here Q = V3, k = /8= 'and 6 = T+ ¢ — 2ho

‘_CPI
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Theorem: H(p) = p» + 1p?
p1(t) = 201/ho — 1 sech ( ho — 1 t)
Po(t) = ho — 2(hy — 1) sech (w;o——n)z
Pa(t) = 20(ho — 1) sech <\/ho——1t) tanh <\/ho——1t>
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Classification on so (3)*

H(p) = pA+ pQp"
@ 1P
® 37
(]
(*]
(*]
(*]
(*]
(]
(*]

P2+%P12

P1 + a1pa + 0%

a1p1 + PF + 305
P2+ Pf + 3P

o1 P +02P2+P$+%P§

a1 P +a3P3+P$+%P§

1Py + P2 + a3P3 +P$+%P§)

aq,an >0
@ o > |043| >0
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System H(p) = aps + p7 + 35

(s0(3)", H)

® H(p) = aps + p} + 303

® C(p) = p? +p3 + p5
@ Equations of motion:

p1 = —p2p3
p2 = (o +2p1)ps
ps = —(a+p1)pz

R.M. Adams (RU)

(se(2)", H)
o H(p) =1+ L85 + 33
o C(p) = P2+ %
@ Equations of motion:

2P3
—P1Ps
&P -

:91- Sz- ‘cz-
I || I
/\ ‘cz

1)pe
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System H(p) = aps + p7 + 35

@ (s0(3)*, H) = (se(2)*, H)

@ There exists 9 : s¢(2)* — s0(3)* s.t. the diagram

se(2)* L>5o(3)*_

commutes
@ Affine isomorphism

10 o0 "
p—p| 0 —g 0 +[0]
0
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System H(p) = aps + p7 + 35

@ Let p € s¢(2)* and

@ Then p = ¢(p) € s0(3)* and let

at —4p? — 4ps at — 45
p 805 | -
C(p) = p1+—‘+4< +a—22+2p§>
- o &
ho + Z aF ? = Cp
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System H(p) = aps + p7 + 35

Integral curve on se(2)*

/e Vo -0 —/ho+den(@t, k)
i VFo+8—/ho — sen(@t, k)

Bo(t) = o /5800 sn(Qt, k)
VFo+6—\/Fo—den(Qt, k)
Ot dn (01, K)

\/770+6—\/710—5cn(§2t, k)

~ - 2
ho—8) ( ho— % +6
Here 6 = /M2 — =26 and k = \/( - )(5:2 2 >
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System H(p) = aps + p7 + 35

Integral curve on so(3)*

B (f) a ar/a? +4hy (p— — prcn(Qt, k))
P ="2 2(p+ — p-cn(Qt, k))
2
bg(t):—\@a‘/é(a +4hy)sn (2, k)
p+—p_Cn(Qt, k)
_ dn (Qt, k)
=2
pS(t) 06/)4- —p-Cn (Q L, k)
Here
Q=25 5 =\/& + 1 — &y (a2 + 2hy)
2 _
k:\/o‘ 00;53%” pi = \/2¢) — 2hy — o + 20.
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e Conclusion
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Conclusion

@ Classification of Hamilton-Poisson systems on so (3)*
@ Stability nature of equilibria
@ Integration of systems with linear equilibria

v

Outlook

@ Integration of systems with nonlinear equilibria
@ Associated optimal control problems on SO (3)
@ Systems on so (4)*
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